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Nonlinear Oscillation of Electron on Axis of Charged Ring

Xiang Yumin
( Dept. of Basic Courses, SILICT　 Zigong　 643033)

　　Abstract　 Th e nonlinear oscilla tion o f elect ron on the centr al ax is of charg ed ring is studied. Af ter

setting up the mo tion equation, the exact so lution and the period o f free oscilla tion ar e achiev ed w ith el-

liptic integ rals. The nonlinea rity o f o scillation ar e discussed and illust rated. Truncating expanded series

leads to Duffing equa tion. The approx ima te expressions of solution and period a re gained by Duffing os-

cillation and harmonic o scillation, which are compared with the exact ones. The appling significance of

nonlinea r o scillation so lution in engineering is indica ted.

　　Key words　 charg ed ring;　 nonlinear oscilla tion;　 elliptic integ ra l;　 Duffing equa tion

The theo retic signi ficance and eng ineering value fo r oscillation of elect ron in the elect ric field

a re concerned recent ly. The resea rches on the nonlinear osci llation in this area are mo re activ e

la tely. The applications become wider and wider
[1 ] .

This paper deals wi th nonlinear osci llation of an elect ron on the central axis o f ev enly

cha rg ed ring. According to the elect ric field intensi ty on the axis o f the charg ed ring , the equation

o f mo tion for the electron is set up. The exact expressions of solution and period are achiev ed by

elliptic integ rating. Thei r alternations are i llust rated and the nonlinear characters are pointed out.

Approximated method is to t runca te the expanded series which leads to Duf fing equation. The so-

lution and period of Duf fing oscillation a re giv en. The approximate solutions are compared w ith

the exact ones. The usage a rea and properties o f approximate solutions a re investig ated. In addi-

tion, the applies of nonlinear o sci llation solution in engineering are indicated.

1　 Equation of Nonlinear Oscillat ion
In Fig. 1, a ring-shaped conductor o f radius R evenly car ries a total charg e Q. X -ax is goes

f rom the center and perpendicular to the plane of th e ring. An elect ron wi th mass m and charg e -

e is on the axis. Its motion is investiga ted in the following.

　　 The elect ric field on the axis produced by the evenly charg ed ring is[2 ]

E =
Qx

4πX0 ( R2+ x
2 )

3
2

( 1)

Then the mo tion equation of the elect ron is expressed as

m
d2x
dt 2

+
Qex

4πX0 ( R2+ x
2 )

3
2
= 0 ( 2)
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Fig. 1　 Oscillation of electron on the axis　　　　　　　　　　　　　 Fig. 2　 A phase orbit( x 0= 5R ,v 0= 0)

o f ev enly cha rg ed ring

　　 The po tential energy of the system is

W p =
Qe

4πX0 ( R2+ x
2 )

1
2

( 3)

When Q> 0,W p gets i ts minimum on the ring center x= 0. There balance is stable. In pha se plane,

the center is ( 0, 0) .

The energy integ ral of Eq. ( 2) i s

1
2
m

dx
dt

2

-
Qe

4πX0 R
2 + x

2
= H0 ( 4)

w here H0 i s the Hamil tonian of the sy stem.

No ting veloci ty as v=
dx
dt
, Eq. ( 4) giv es the closed phase orbi ts around ( 0, 0) in phase plane,

w hich indica tes the periodic oscillation of the elect ron about the po sitiv ely cha rg ed ring center on

the axis. The o sci llation is nonlinear. A phase o rbi t is show n in Fig. 2

2　 Exact Solution and Period
Suppose the ini tial condi tions fo r the osci llation Eq. ( 2) a re

x|t= 0 = x 0≥ 0;　 v|t= 0 ( 5)

and no te the angular f requency o f co rrespondent harmonic oscillation ask0 , hence

k
2
0 =

Qe
4πX0mR

3 ( 6)

Evident ly , Eq. ( 4) has a asymmetry to X -axis and V-axis in the phase plane. Fi rst w e slov e i t in

the fourth quadrant. The so lutions in o ther quadrants can be obtained from the symmetry. From

Eq. ( 4) w e get

t =∫
x

x
0

dx
v
=

1

2k0R∫
x 0

x

dx

R

R
2
+ x

2
-

R

R
2
+ x

2
0

( 7)

　　 Int roducing quanti ties wi thout dimension
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y0 = R

R
2 + x

2
0

　　 y 0∈ ( 0, 1] ( 8)

y = R

R
2 + x

2
　　 y∈ [y0 , 1 ] ( 9)

Change Eq. ( 4) into
[3 ]

t =
1

2k0
∫

y

y
0

dy

y
2 - (y - 1) ( y - y0 ) ( y+ 1)

= 　　　　　　　　　　　　　　

　
1

2 2k0 y0
　

2 - ( y - 1) ( y - y0 ) ( y+ 1)

y
+

　∫
y

y
0

dy

y - ( y - 1) ( y - y0 ) (y + 1)
+∫

y

y
0

y
dy

- ( y - 1) (y - y0 ) ( y+ 1)
　 ( 10)

Using elliptic integ ration yields

t =
1

k0y0
　E (h,k ) - F (h,k ) +

y0+ 1
2y0 C(

1 - y0
2y0 ,h,k ) + 　　　　

1

2
(
1
y
-

1

(y0 + 1) ( y+ 1)
) - (y - 1) ( y - y0 ) ( y+ 1)　 ( 11)

w here F (h,k ) , E (h,k ) ,C(d,h,k ) a re the fi rst kind, second kind and thi rd kind of Legender no r-

mal elliptic integ rals, respectiv ely. The module k i s

k =
1 - y0
2

( 12)

Ang lehsa ti sfies

h= arcsin
2( y - y0 )

( 1+ y ) ( 1 - y0 )
　　h∈ [0, π

2
] ( 13)

The function curv e o f Eq. ( 11) is plot ted in Fig. 3 w ith solid line. The do t ted line is a synchronous

cosine curv e of reference.

Fig . 3　 Oscilla tion curv e during one four th pe riod　　　　　 Fig. 4　 Function curv e of period ve rsus am plitude

　　　 ( x 0= 5R )
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　　 Employing the symmetry of phase orbi ts and Eq. ( 10) , w e achiev e the period o f osci llation

T = 4∫
x
0

0

dx
v
=

2
k0 ( 1 - k

2
)
[2E (k ) - K (k ) + C(- 2k

2
,k ) ] ( 14)

w here K (k ) , E (k ) ,C(d, k ) are the fi rst , second and third kind of Legender complete elliptic inte-
g rals, respectively. The module k is the same as that in Eq. ( 2) . Eq. ( 14) demonst rates that the

period is the function of ampli tude, w hich clearly exhibits the nonlinea r cha racters in the osci lla-

tion. The function curv e is show n in Fig. 4.

If expand E (k ) ,K (k ) ,C(- 2k
2 ,k ) into series respectively and keep the terms to k

2 , w e have

T =
π
4k0

9
R
2+ x

2
0

R
- 1 ( 15)

Keep the fi rst term only , Eq. ( 15) can be approximated as

T0 =
2π
k0 ( 16)

3　 Approximate Solution and Period
Now we intend approximate solution of osci llation w ith smal l ampli tude around the ring cen-

ter. Expanding the second term on the lef t side of Eq. ( 4) into M echlo lin series and neg lecting O

( x
6

R
6 ) yields

dx
dt

2

+ k2
0x

2 -
3k

2
0

4R2
x
4 = H = H0+

Qe
4πX0R

( 17)

that is co rresponding to Duffing equation
[4 ] . The oscilla tion solution is expressed by

x = f sn
K (κ) ( 2kt+ π)

π
κ ( 18)

w here sn(h,κ) , i s Jacobi elliptic function;κis the module;k is the angular f requency;κ, f andk

satisfy

κ
κ2+ 1

=
3H

2k0R
( 19)

f =
κ
2R

6
(κ2 + 1)

( 20)

k=
πk0

2K (κ) κ2 + 1
( 21)

　　 Expanding Eq. ( 18) into Fourier seies, w e get

x = f
π

κK (κ)∑
∞

m= 1

csch 　 m - 1
2

K’ (κ)
K (κ)

π　 co s [ ( 2m - 1)kt ] ( 22)

w here

K’ (κ) = K (κ’ ) ( 23)

κ’ is the complementa ry module o fκ. The terms of high f requency in Eq. ( 22) decline quickly.

Keep the fi rst term only there resul ts

x = f
π

κK (κ) csch 　
K’ (κ)
2K (κ)π　 coskt ( 24)

　　 Furthermo re, expanding Eq. ( 21) in modulesκand keeping to the term of (
x 0
R
)
2
leads to

T = 2π
k0
　 1+

9
16

x 0

R

2

　 ( 25)
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　　 It is not di fficult to prove tha t the o rder o f (
x 0

R
)
2
Eq. ( 25) and Eq. ( 15) are equivalent.

As a comparison, the exact expression, Duffing o scil lation expression and ha rmonic oscillation

expression for solution and period are plo t ted to gether in Fig. 5 and Fig . 6. There, so lid line is fo r

the exact expression, dashed line for Duf fing oscillation and do t ted line for ha rmonic osci llation.

W e can see Duf fing o scilla tion and ha rmonic oscillation have appro xima te values only w hen the

amplitued is sma ll. Fo r these tw o kinds of appro xima ted solutions under small ampli tued, besides

the numerical value are more closed to the exact solution, Duf fing oscillation represents the basic

property o f alternation of period versus ampli tued, which show s tha t Duf fing osci llation is bet ter

than the harmonic one.

Fig. 5　 Oscillation curv es fo r th ree solutions　　　　　　　　　　 Fig. 6　 Period curv es fo r th ree solutions

　　　　 (x 0= 0. 6R )

4　 Conclusion
The mo tion of elect ron on the axis of positiv ely cha rg ed ring is nonlinear o scilla tion. The ex-

act expressions of so lution and period fo r f ree osci llation are calcula ted by elliptic integ ration. The

period is the function of amplitude. In the case of small ampli tued, the appro xima te fo rms are

Duf fing o scilla tion and ha rmonic osci llation. Bo th approx ima te solutions and periods can be

achiev ed by truca ting expanded series for exact expression to the proper term. The nonlinear os-

ci llation solution could be applied in engineering to remedy the defect of linear oscillation solution

under la rg e amplitude, such as correctly designing the f requency-ampli tude curv e, ex actly calculat-

ing the electron t ransi t ang le in vacuum tube, ef fectiv ely modulate the mass spect rometer, deeply

analy zing the chroma tism in elect ron optics etc.
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电子在电环轴上的非线性振动

向裕民
*

(四川轻化工学院基础部　自贡　 643033)

【摘要】　研究电子在电环轴上的非线性振动 ,在建立电子的运动方程后利用椭圆积分求得自由振

动的准确解及周期 ,讨论和图示其非线性振动特征。 截断级数展式导致杜芬方程 ,解和周期近似表达式

由杜芬振动和简谐振动给出 ,且与准确表达式比较。 指出了非线性振动解在工程上的实用意义。

关　键　词　带电环 ;　非线性振动 ;　椭圆积分 ;　杜芬方程

中图分类号　 O422
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· 科研成果介绍·

N H4450型 100 M Hz智能数字存储示波器

主研人员: 郭戌生　陈长龄　王树菁　童　劲　彭大军

该示波器采用随机取样技术可对被测信号进行取样量化、存储、处理参数、自动测量和显示 ,因此该仪器能用

于检测军用电子元器件 ,设备稳态和瞬态特性 ,借助传感技术 ,还可用于各种非电事件的分析与评估 ,广泛应用于

机械、电力、军用武器、飞行器和火箭核爆炸等各个领域的仪器等。 其主要技术指标:等效带宽 100 M Hz,垂直精度

≤ 3% ,相对精度≤ 1% ,数字化速率 10 M SPS,幅度分辨率 8 bit,时间分辨率 100 PS,参数自动测量。

该仪器性能相当于 80年代 HP公司 54501A型数字存储示波器水平。

·科　卞·

1996年 6月 11日收稿 , 1996年 7月 8日修改定稿

　* 男　 51岁　大学　副教授
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