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Abstrace　A new efficiency theo ry of multiple criteria decision making is established in this paper.The new

effciency is based on the differences among weights of the criteria , with″the larger the w eight sum of the better

criteria is , the better the related alternative″being the preference principle.The key definitions in this paper are β

-major-in-weight efficient solution and β-majo r-in-w eight optimal solution.Some properties of these solutions

are shown.The relationships between them and Pare to efficient (optimal)so lution are discussed.
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The notion of″solut ion″is very important in multiple criteria decision making .Based on diferent

decision rules ,different kinds of solutions depict dif ferent aspects of decision making .There already ex-

ist many eff icient solutions , such as Pareto eff icient solutions
[ 1]
,proper efficient solutions

[ 2 ,3]
and major

eff icient solutions[ 4] .A common implicat ion in these kinds of ef ficiency is that every criterion has the

same weight.

Nevertheless , in multiple criteria decision making , the decision maker of ten treats dif ferent criteria

w ith dif ferent weights.There have been w eighted-no rm approach[ 1] and w eighted-sum approach[ 5] to

deal w ith such case.This paper , f rom the view point of″noninferio rity″, in eff iciency sense ,makes an in-

tensive study on this topic.

1　β-Major-in-weight Efficient(Optimal)Solution
Consider the follow ing multiple criteria decision problem (MCDP):

max f(x) (1)

s.t.x ∈ X

where　X  R
n is the feasible region in dexcision space , f:X ※R

m , f(x)={f 1(x), f 2(x), … , fm

(x)}:f i :X ※R(i=1 ,2 , …, m)are real-valued functions;R n and R
m are Euclidean spaces.



We intoduce two cone sets in R
m , Cβ and C

 

β:

Cβ ={v |v =(v 1 , v 2 , … , vm)
T
∈ R

m
, ∑

m

i=1
βisgn(v i)≥0}

C
 

β ={v |v =(v 1 , v 2 , … , vm)
T ∈ R

m , ∑
m

i=1
βisgn(vi)>0}

where　β=(β1 , β2 , …, βm)
T
sat isf ies 0≤βi ≤1(i=1 , 2 , … , m)and ∑

m

i=1
βi =1.sgn(·)is the Keronek-

er function

sgn(t)=

1　　when t >0

0　　when t =0

-1　when t <re 0

　　In multiple criteria decision making , βi is in fact a kind of generalized w eight .The value of βi is

relative to w i , the weight of the i th criterion , and Δyi s , the absolute differences of the i th object ive

values of two different alternatives.β is called generalized weighting vector.

Using Cβ and C
 

β , we define cone o rdering relations≥C
β
and >C

β
as follows:

a ≥C
β
b a -b ∈ Cβ　for any a , b ∈ R

m

a >C
β
b a -b ∈ C

 

β for any a , b ∈ R
m

　　The two ordering relations defined by the above are called β-major-in-weight o rders.They pos-

sess the follow ing properties.

Proposition 1

1)≥C
β
is ref lective ,not antisymmetric , not t ransitive , and complete.

2)>C
β
is not ref lective ,no t antisymmetric ,not transit ive , and not complete.

3)There must be one and only one holds , either a≥C
β
b or b>C

β
a , fo r any a , b ∈ R

m .

　　Definition 1　Let X  R
n , f :X ※R

m .Then ,

1) x ∈X is β-major-in-weight efficient solution to Eq.(1)iif there does not exist x ∈ X such

that f(x)≥C
β
f( x)and f(x)≠f( x).Let EC

β
(X)denote the set of all β-major-in-weight efficient

solut ions.

2)x
＊∈ X is β -majo r-in-weight optimal solutions to Eq.(1)iif f(x ＊)≥C

β
f(x)holds for all

x ∈ X .Let OC
β
(X)deno te the set of all β-major-in-weight optimal solutions.

According to the defini tion of cone Cβ , x is β-major-in-weight ef ficient solut ion means that  x ∈

X and there does not exist x ∈X such that ∑
m

i=1
βi sgn(f i(x)-f i( x))≥0 and f(x)≠f( x).x＊ is β

-majo r-in-weight optimal solution means that x
＊∈X and ∑

m

i =1
βi sgn(f i(x

＊)-f i(x))≥0 fo r all x ∈

X .

2　Properties of β -Major-in-weight Efficient (Optimal)Solutions
Theorem 1　Let X  R

n , f :X ※R
m .Then:

1) x ∈EC
β
(X)iif  x ∈X , and f( x)>C

β
f(x)holds for all x ∈X and f(x)≠f( x).
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2)x
＊∈ OC

β
(X)iif x

＊∈X , and there does no t exist x ∈ X such that f(x)>C
β
f(x ＊).

Proof

1) x ∈EC
β
(X)means that  x ∈ X , and there does not exist x ∈ X such that f(x)≥C

β
( x)and f

(x)≠f( x).By Proposit ion 1.3), it implies that f( x)>C
β
f(x)must hold fo r any x ∈ X and f(x)

≠f( x).

2)x
＊∈ OC

β
(X)means that x

＊∈X , and f(x ＊)≥C
β
f(x)holds for all x ∈X .By Propostion

1.3), it implies that there does not exist x ∈X such that f(x)>C
β
f(x ＊).

Theorem 2　Let X  R
n , f :X ※R

m .Then  x ∈ EC
β
(X) f(EC

β
(X))={f( x)}

Proof 　Supposey ∈ f(EC
β
(Φ))buty′≠f( x).Let y′=f(x′), x′∈EC

β
(X).Compare f( x)and

f(x′).If f(x′)≥C
β
f( x), then there exists x′∈ X such that f(x′)≥C

β
f( x)and f(x′)≠f( x).

This contradicts  x ∈ EC
β
(X).Otherw ise , f( x)>C

β
f(x′)holds ,we get cont radiction w ith x′∈ EC

β

(X).Hence , f(EC
β
(X))={f( x)}holds.

Theo rem 2 demonst rates that if there does exist major-in-weight efficient solution to Eq.(1), the

image set of EC
β
(X)is single-point set.

Theorem 3　Let X  R
n be convex.f :X ※R

m is a concave vecto r function , and there is at least

one component function w hich is st rict ly concave.The  x ∈EC
β
(X) EC

β
(X)={ x}.

Proof　Suppose x′∈EC
β
(X)but x′≠ x .From Theroem 2 , we have f(x′)=f( x).Since X is

convex , x =
x′
2
+
 x
2
∈X .By the concavity of f ,we have

f(x)≥
f(x′)

2 +
f( x)
2 = f( x)

and there exists at least one t such that

f t(x)≥
f t(x′)

2
+

f t( x)
2

= f t( x)

Thus , we can deduce that f(x)≠f( x)and ∑
m

i=1
βi sgn(f i(x)-f i( x))>0 hold.

The above implies that there exists x ∈X such that f(x)≥C
β
f( x)and f(x)≠f( x).Contra-

dicts  x ∈ EC
β
(X).

Theorem 4　Let X  R
n , f :X ※R

m .Then EC
β
(X)≠  EC

β
(X)=OC

β
(X).

　　Proof 　EC
β
(X) OC

β
(X).Let  x ∈EC

β
(X).Then ,  x ∈X and there does not exist x ∈X such

that f(x)≥C
β
f( x)and f(x)≠f( x).This implies that either f( x)>C

β
f(x)or f( x)=f(x)

holds for all x ∈ X .If f( x)=f(x)holds , f( x)≥C
β
f(x)holds as w ell.Hence f( x)≥C

β
f(x)holds

for all x ∈X , the def inition of  x ∈OC
β
(X).Thus ,we have EC

β
(X) OC

β
(X).

EC
β
(X) OC

β
(X).Let x

＊
∈OC

β
(X).Then , f(x

＊
)≥C

β
f(x)holds for all x ∈ X .Suppose

x
＊ EC

β
(X).Since EC

β
(X)≠ , there exists an x′∈ EC

β
(X), x′≠x

＊.Thus f(x＊)≥C
β
f

(x′)holds.If f(x
＊
)≠f(x′), we arrive at the contradict ion w ith x′∈ EC

β
(X).If f(x

＊
)=f

(x′),by Theorem 2 ,we have x
＊∈ EC

β
(X), which is a contradiction wi th the supposition.Hence

x
＊∈EC

β
(X), follow ed by EC

β
(X) OC

β
(X).
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Substitute the cone Cβ and C
 

β with R
m
+ and R

 
m
+ respectively

R
m
+={v |v =(v 1 , v 2 , … , vm)

T
∈ R

m
, vi ≥0}

R
 
m
+={v |v =(v 1 , v 2 , … , vm)

T ∈ R
m , v i >0}

Similar to Definit ion 1 ,we can obtain the definit ions of Pareto eff icient solution and Pareto optimal so-

lution.Let E(X)and O(X)denote the set of all Pareto eff icient solutions and the set of all Pareto op-

timal solut ions respectively.

Theorem 5　Let X  R
n , f :X ※R

m .Then O(X) EC
β
(X) OC

β
(X) E(X).

　　Proof 　O(X) EC
β
(X).Let x

＊
∈O(X).Then , x

＊
∈ X , and f(x

＊
)≥f(x)holds fo r all x ∈

X .If f(x＊)≠f(x), there must ex ist one t such that f t(x
＊)>f t(x), hence

∑
m

i=1
βisgn(f i(x

＊)- f i(x))>0

This means that

∑
m

i=1
βisgn(f i(x)-f i(x

＊
))<0

holds fo r any x ∈X and f(x ＊)≠f(x).Thus , there does not exist x ∈X such that

∑
m

i=1
βisgn(f i(x)-f i(x

＊))≥0

and f(x)≠ f(x ＊)

The definition of x
＊∈EC

β
(X).

EC
β
(X) OC

β
(X)(See Theorem 4).OC

β
(X) E(X).Suppose x

＊∈ OC
β
(X).Then , x ＊∈X ,

and

∑
m

i=1
βisgn(f i(x

＊
)- f i(x))≥0

for all x ∈X .This implies that

∑
m

i=1
βisgn(f i(x)-f i(x

＊
))≤0

for all x ∈X .Thus ,we can deduce that there does not exist x ∈ X such that f(x)≥f(x ＊)and f

(x)≠f(x ＊)(o therwise ,we may get ∑
m

i =1
βisgn(f i(x)-f i(x

＊))>0 , i.e.∑
m

i=1
βisgn(f i(x

＊)-f i(x))

<0.Then ,we arrive at a contradiction with ∑
m

i=1
βisgn(f i(x

＊)-f i(x))≥0).

That is the def inition of x
＊∈ E(X).

Theorem 6　Let X  R
n
, f :X ※R

m
.If O(X)≠ , then , O(X)=EC

β
(Φ)=OC

β
(X)=E(X).

Proof 　By the property of Pareto ef ficient solution , if O(X)≠ , then

O(X)=E(X)

From Theorem 5 ,we have O(X)=EC
β
(X)=OC

β
(X)=E(X).
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3　Conclusions
This paper advances a new eff ieiency theory for mult iple criteria decision making.In addition to

w hat w e have done ,many other topics in this area yet needs to be studied , such as the effective method

for finding major-in-weight efficient(optimal)solutions.Fo r linear multiple criteria decision problems ,

we may obtain some special results and methods for major-in-weight ef ficiency(optimali ty).All these

remain fo r further research in our future papers.
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多目标决策的较重有效性与较重最优性＊

陈占锋＊＊　　　　　　许　端
(上海财经大学统计系　上海　200433)　　(河北经贸大学统计系　石家庄　050061)

吴健中
(上海交通大学系统工程研究所　上海　200052)

【摘要】　基于不同目标的权重不同 , 以“好目标的权重和越大 ,相应的方案越好”作为决策准则 , 提

出了一种新的多目标决策有效性理论 。其关键概念是 β -较重有效解与 β-较重最优解。文中证明了

解的性质。讨论了该类解与 Pareto-有效解的关系。
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