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Abstrace A new efficiency theory of multiple citena decision making is established in this paper. The new
effciency is based on the differences among weights of the criteria, with " the larger the weight sum of the better
criteria iss the better the related alternative’ being the preference principle. The key definitions in this paper are 3
— major-in-weight efficient solution and B— majorin-weight optimal solution. Some pmw perties of these solutions
are shown. The relationships between them and Pareto efficient (optimal) solution are discussed.
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The notion of "solution” is very important in multiple criteria decision making. Based on diferent
decision rules, different kinds of solutions depict different aspects of decision making. There already ex -
ist many efficient solutions, such as Pareto efficient solutions proper efficient solutions > and major
efficient solutiond ™ . A common implication in these kinds of efficiency is that every criterion has the
same weight.

Nevertheless, in multiple criteria decision making, the decision maker often treats different criteria
with different weights. There have been weighted-norm approach!” and weighted-sum approach'” to
deal with such case. This papers from the view point of " noninferio n'ty”, in efficiency sense, makes an in-

tensive study on this topic.

1 [—Major-in-weight Efficient (Optimal) Solution
Consider the following multiple criteria decision problem (MCDP).

max f(x) (1
st.x €X

where X CR" is the feasible region in dexcision space, f: X—>R", f(x)={f1(x)s f2(x)s -+ fm
(x)}: fi: X>R(i=1,2, --»~ m) are real-valued functions; R" and R™ are Euclidean spaces.
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We intoduce two cone sets in R™, Cg and Cg:

Ce={v [y = (vis v2s = vm) € R", ZBisgn(w)> 0}
=1

Com (v v = G vae v T € R 20 Brsgn (v > 0}
=1

where B= (B1, B2, -4 Bn )T satisfies 0 Bi1(i=1, 2, -+, m and ;m:lﬁi: 1.sgn(°) is the Keronek-
er function
1 when > 0
sgn(z) =40 when t = 0
re —1 when t<CO0
In multiple criteria decision making, {3 is in fact a kind of generalized weight. The value of B; is
relative to wi, the weight of the ith criterion, and | Ay;| s, the absolute differences of the ith objective

values of two different alternatives. 3 is called generalized weighting vector.
Using Cp and Cg, we define cone ordering 1relations>cﬁ and = ¢, as follows:

a}cﬁlﬂ:}a*b € & forany a. b € R"

a=ch“a—bE C for any a, b € R"

The two ordering relations defined by the above are called — major-in-weight orders. They pos-
sess the follow ing properties.

Proposition 1

D >c3 is reflective, not antisymmetric, not transitive, and com plete.

2) > ¢, is not reflective, not antisymmetric, not transitive, and not complete.

3) There must be one and only one holds, either a}cﬁ b or B> c,afor any a, b CR".

Definition 1 Let X CR", f: X—>R" . Then,

1) x €X is B— major-in-weight efficient solution to Eq. (1) iif there does not exist x € X such
that f(x )>C@f(7€> and f(x)7Ff(x).Let Ec, (X) denote the set of all B—m ajor-in-weight efficient

solutions.
2) x € X is B—majorin-weight optimal solutions to Eq. (1) iif £ (x )Ecﬁf(x) holds for all
x € X.Let Oc (X) denote the set of all B— major-in-weight optimal solutions.

According to the definition of cone Cs, x is B— major-in-weight efficient solution means that x €

X and there does not exist x ©X such that IZIB,- sen (fi(x)— fi (x))N=0 and f(x)Ff(X).x is B

—major-in-weight optimal solution means that x = €X and 2} Bisgn(fi(x Dfi(x)=0forall x €
X.

2 Properties of 3— Major-in-weight Efficient (Optimal) Solutions
Theorem 1 TLet X CR", f: X—>R". Then:

D )?GECB(X) iif x €X,and /(x> ¢, S (x) holds for all x€X and f(x)Ff(X).
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2 x € Oc, (X)iif x €X, and there does not exist x € X such that /(x> cﬁf(x .

Proof

D x GECB(X) means that x € X, and there does not exist x € X such that f(x)}cﬁ()?) and f
(x )7 f(x).By Proposition 1. 3), it implies that f(x > qf(x) must hold for any x € X and f (x)
Ff(x).

2D x € Oc, (X)) means that x "€X,and f(x )=, f(x) holds for all x €X.By Propostion
1.3), it implies that there does not exist x € X such that f(x > cﬁf(x .

Theorem 2 Let X CR", f: X—~R". Then x € Ec, (X) =/ (Ec, (X)={ f(x))

Proof  Supposey € f(Ec, ( XDbuty Zf(x). Lety' = f(x'), x' C€Ec, (X).Compare f(x) and
f(x,).lff(x’)>cﬁf(7€ )s then there exists x € X such that f(x,)ECBf(}) and f(x,)if()? ).
This contradicts x € Ec, (X).Otherwise, f(x > cﬁf(x ") holds, we get contradiction with x e Ec,
(X).Hence, f(EcB X N={f(x)} holds.

Theorem 2 demonstrates that if there does exist major-in-weight efficient solution to Eq. (1), the
image set of Ec, (X) is single-point set.

Theorem 3 Let X CR" be convex. f; X—>R" is a concave vector function, and there is at least

one component function which is strictly concave.The x € Ec,(X) :>ECB (XD)={x}.
Proof Suppose x/GEcﬁ(X) but x' #X.From Theroem 2, we have f(x)=f(X).Since X is

convex, x:x?—l—%GX. By the concavity of f,we have
fo =TG24 LS — i

and there exists at least one ¢ such that

Fi0= %+@:f,m

Thus we can deduce that f(x)7f(x) and glﬁ,- sgn( fi (x)— fi(x))>0 hold.

The above implies that there exists x €X such that f (x )>c3f(5c) and f(x )7 f(x).Contra-
dicts x € E% (X).

Theorem 4 Let X CR", f: X—>R". Then E% (X);é@:\'EcB (X)= OCB(X).

Proof  Ec¢ (X)&O0c, (X). Let x EECB (X). Then, x €X and there does not exist x €X such
that f(x )>C@f()?) and f(x)7 f(x).This implies that either f (x)> cpf(x) or f(x)=f(x)
holds for all x&€ X.1f f(x)= f(x) holds, f(x)=c, f(x) holds as well. Hence f(x )=, f(x) holds
for all x € X, the definition of x GOCS(X). Thus, we have Ecﬁ(X) QOCB X).

Ec,(X)20c,(X). Let x €0c,(X). Then, f(x )= f(x) holds for all x €X.Suppose
x & Ec (X). Since Ec,(X)7g¢. there exists an x,GEcB(X), x'#x". Thus f(x" = f
(x") holds. 1If f(x *)if(xl), we arrive at the contradiction with x' EECB XO. If f(x *):f
(x s by Theorem 2, we have x EECB (XD, which is a contradiction with the supposition. Hence
x EEc}3 (X), followed by Ec[g X0 QOCB(X).
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Substitute the cone C¢ and Cg with R and R” respectively
R™= {v lv = (viy vas = vm) | € R”, vi =0}

RI'={v lv= Givay )l €ER" v;> 0
Similar to Definition 1, we can obtain the definitions of Pareto efficient solution and Pareto optimal so-
lution. Let £ (X) and O (X) denote the set of all Pareto efficient solutions and the set of all Pareto op-

timal solutions respectively.
Theorem 5 Let X CR", f: X—>R".Then O (X) QECS(X) <O, (X)ZE(X).

Proof O (X)CEc, (X).Let x €0 (X).Then, x € X,and f(x )=f(x) holds forall x €
X. If f(x )Ff(x), there must exist one ¢ such that f; (x > fi (x), hence
Zﬁisgn(ﬁ(x D= (x>0
This means that
Zﬁisgnm(x)—ﬁ(x N0
holds for any x €X and f(x )7/ (x). Thus. there does not exist x €X such that
Zﬁfsgn(ﬁ(x)_f;(x N=0

and fO)#fx)
The definition of x = GEcﬁ(X).
Ec,(X) S0c¢ (X) See Theorem 4). O¢, (X ) <E (X ). Suppose x e Oc,(X). Thens x Tex,

and

ZBngn(ﬁ(x D= fi(x) =0
for all x € X . This implies that

Zﬁisgn(ﬁ(x)—fi(x N<0
for all x €X. Thus, we can deduce that there does not exist x € X such that /(x)=f(x ) and f
COFf(x ") Gotherwise we may get 5 Bisgn(fi GO— f1(x 0> 0nie. 2 Bsgn(fi(x )= £i(x))
<20. Then. we amrive at a contradiction with > Bisgn(f; (x )= £1(x))=0).

That is the definition of x € E (X).
Theorem 6 Let X CR", f: X—>R".1f O (X)F g, then, O (X )= Ec (X)=0c,(X)=E(X).
Proof By the property of Pareto efficient solution, if O (X)7 g, then
o0(X)=EX)
From Theorem 5, we have O (X )= E¢,(X)= Oc, (X)=E (X).
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3 Conclusions

This paper advances a new effieiency theory for multiple criteria decision making. In addition to
what we have done, many other topics in this area yet needs to be studied, such as the effective method
for finding major-in-weight efficient (optimal) solutions. For linear multiple criteria decision problems,
we may obtain some special results and methods for major-in-weight efficiency (optimality ). All these

remain for further research in our future papers.
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