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Abstract  A question of formation confidence interval for parameter of exponential distribution from 

incomplete observational data is discussed. A new confidence interval method is given. The pivot variable for 

confidence interval estimation of the parameter is constructed by making use of any two order statistics. The 

distribution function and probability density function of this pivot variable is obtained. An approximate confidence 

interval from large sample is obtained also. 
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1  Introduction 

In some life tests of product, there are usually incomplete observational data. For instance, in fixed 

number censored life tests, the data we obtain are observational values of the lower order statistics for a 

sample. And in some special tests, we only record reaction strength data over a certain limit, which are 

upper order statistics. Sometimes, some observational data are lost because of unexpected events, and so 

on. The estimation for parameter of population from incomplete observational data is an important focal 

issue. But the available methods are mainly point estimation of parameter[1~4]. The approximate 

confidence intervals for Weibull distribution, log-normal distribution and Normal distribution have been 

given[5~9].  

In this paper, a new estimation method for parameter of population from incomplete observational 

data is proposed. 

2  Pivot Variable and it’s Distribution 

Let nXXX ,,, 21 L  be an independent and identically distributed sample from exponential 

distribution population X  with probability density function 
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where )0( >λ  is population parameter. Suppose )()2()1( ,,, nXXX L  are order statistics from sample 

nXXX ,,, 21 L . We have 

Proposition 1  Define 
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where k  and l are any integers with 1 k<n and 1 l n-k. Then the distribution function of lkZ ,  is 

foreign to the value of parameter λ . 
Proof  It is not difficult to prove that nXXX λλλ ,,, 21 L  can be regarded as a sample of the 

population X whose λ =1, and as 0>λ  corresponding order statistics are )()2()1( ,,, nXXX λλλ L . Since 
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for any positive number λ , lkZ ,  has the same distribution as λ =1. Thus, distribution function of lkZ ,  

is foreign to the value of parameter λ . 
Proposition 1 proves that lkZ , is pivot variable for confidence interval estimation of the parameter 

λ . 
Now we discuss the distribution function of the pivot variable lkZ , . 

Lemma 1[7]  The joint density function of the order statistics ),( )()( lkk XX +  is given by 

),( 21, xxf lkk + = 0    x1 x2 

),( 21, xxf lkk + = −
−−−−

− )([)]([
)!()!1()!1(

!
2

1
1 xFxF

lknlk

n
X

k
X  

)()()](1[)]( 212
1

1 xfxfxFxF XX
lkn

X
l

X
−−− −     21 xx <  

where )(xFX  and )(xf X  are distribution function and density function of the population respectively.  

From Lemma 1, we get 
Lemma 2  For the population X , if λ =1, then the joint density function of ),( )()( lkk XX +  is given 

by 
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if 210 xx << ; else ),( 21, xxf lkk + = 0. 

Theorem 1  Let   
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where zjikjknz )(2/)(1 +−−−= , zjikzz /)(12 +−+= , 1,,1,0 −= ki L , j =0,1, , 1−l ; )(x  is 

the distribution function of the standard normal distribution. Then the density function of the pivot 
variable lkZ ,  is given by 
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),( 21 xx = ),( 2 tzt  
Therefore the Jacobian 
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10
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Suppose the joint density function of ( lkZ , T ) is ),( tzg , we know that ),( tzg  is given by[7]  

),( tzg = 2t ),( 2
, tztf lkk +  

From Lemma 2, ),( tzg ≠  0 if tzt << 20 , else ),( tzg = 0. We have: 
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if  z 0, then zt2 0, thus ),( tzg =0; 

if 0>z and z 0
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From Theorem 1, get 
Theorem 2  The distribution function of the pivot variable lkZ ,  is given by 
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From Theorem 1 and Theorem 2, it only needs the values of any two order statistics of a sample that 

we can construct a confidence interval for parameter λ . Of course, we need to use numerical computation 

method to calculate the quantiles of the pivot variable lkZ , . 

3  Approximate Confidence Interval for Large Sample 

Because of the complex form of the distribution function of the pivot variable lkZ , , in this section 

we provide a way to construct approximate confidence interval for large sample. 
Let 10 <<< ba , k = ][na +1, k + l = ][nb +1, where ][na  and ][nb  stand for integer parts of na  

and nb  respectively. Then lkZ , = )1]([ +naX / 2
)1]([ +nbXλ , where )1]([ +naX  and )1]([ +nbX  are sample quantiles 

of the population. Suppose aξ  and bξ  are a  and b -quantiles of the population respectively, then 

)1]([ +naX  and )1]([ +nbX  are asymptotically unbiased and consistent estimators of aξ  and bξ  respectively. 

We compute aξ = )1ln( a− / λ , bξ = )1ln( b− / λ . 
Lemma 3[8]  If )(xF  is absolutely continuous, pξ  is relevant p -quantile. )(xf = )(xF ′  is 

continuous in px ξ= and nonzero. Then, as ∞→n   
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From Lemma 3, we immediately get 
Lemma 4  Under the conditions of Lemma 3, then 

)1]([ +npX →P
pξ  

Lemma 5 [8]  Suppose both }{ nω
r
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 are k -dimensional random vector series, ωω
rr

→L
n , 
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nε
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, as ∞→n ; and }{ nB
r

is k × k -dimensional random matrix series, nB
r
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where ω
r

 is k -dimensional random vector, and B
r

 is k × k -dimensional random matrix, 0
r
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k -dimensional zero vector, thus  
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r
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Theorem 3  Using the notations defined as above, we have 
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Proof  By Lemma 4, )1]([ +nbX →P
bξ , then 2

)1]([ +nbX →P 2
bξ , thus 
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We obtain by Lemma 3 

n [ )1]([ +naX aξ ] →L ))(/)1(,0( 2
afaaN ξ−  

And by Lemma 5, we obtain the stated result. 
    From Theorem 3, as n  is enough large, the pivot variable lkZ , = )1]([ +naX / 2

)1]([ +nbXλ  is 

approximately normal distribution 
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Also note that aξ = )1ln( a− / λ , bξ = )1ln( b− /λ , )( af ξ = )1( a−λ , substituting these quantiles in (1), 

we obtain that the approximate distribution of )1]([ +naX / 2
)1]([ +nbXλ  is 
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In large sample case, for simplicity, let a = )1( −k / n , b = )1( −+ lk / n . If the values of k  and k + l  is 

near to n /2, and a / 4)]1)[ln(1( ban −− → 0 as ∞→n . That is, the accuracy of confidence interval is 

increasing in n . 

By expression (2), we can construct approximate confidence intervals for λ . For instance, an 

approximate intervals with confidence level (1 α ) for λ is 
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where 2/αu  is the level 2/α  upper quantile of the standard normal distribution. 

4  Conclusion 

In this article, we suggest a new confidence interval method for parameter of exponential distribution 

from highly incomplete observational data. Our method is still suitable even if there are outliers in the 

sample observational data. In fact, outliers are usually the several largest or smallest data of observation. 

Obviously, if k and k + l  near to n /2 are chosen, we can make the result to avoid the disturbance of 

outliers. Furthermore, as we have pointed out, the accuracy of confidence interval for large sample is very 

high. 
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指数分布参数基于不完全样本的区间估计 
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摘要 对于不完全样本讨论指数分布总体参数的区间估计问题 利用完全样本中的任意两个顺序统计

量构造出区间估计所需的枢轴变量 并讨论了相应的分布函数和密度函数 即使只知道样本观测值中任意的

两个顺序统计量值 也可以计算出总体参数的置信区间 在大样本的情况下 给出了枢轴变量的近似分布

可以构造总体参数的大样本近似置信区间  

关  键  词  指数分布;  置信区间;  参数估计;  分布函数;  密度函数;  不完全观测值 
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