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Abstract  A new class of completely generalized nonlinear implicit quasi-variational inclusions 

involving generalized m - accretive mappings for fuzzy mappings in q -uniformly smooth Banach 

space are introduced and studied. By using the Nadler’s theorem and the resolvent operator technique for 

generalized m - accretive mapping, some new iterative algorithms for finding the approximate solutions 

of this class of variational inclusions are constructed and the existence of solution for this kind of 

variational inclusion are proved. The iterative sequences generated by the algorithms converge to the 

exact solution of the quasi-variational inclusions. 
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Fuzzy映象的完全广义非线性隐拟变分包含 
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【摘要】通过建立q-一致光滑Banach空间中一类新的涉及Fuzzy映象及广义m－增生映象的完全广义非线性隐

-拟变分包含，利用Nadler定理及广义m-增生映象的解算子技巧，构造了新的迭代算法。由该算法得到了q-一致光

滑Banach空间中这类完全广义非线性隐－拟变分包含的近似解并证明了该解的存在性。建立了由算法产生的迭代

序列，得到了它收敛到变分包含的精确解。 
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1  Preliminaries 

    Let X be a real Banach space with dual space *X , ⋅〉〈⋅ , be the dual pair between X and *X . Let X2 , )(XCB 、
F )(X  and ),( ⋅⋅H denote the family of all the nonempty subsets of X , the family of all the nonempty closed 

bounded subsets of X , the collection of all fuzzy mapping on X  and the Hausdorff metric on )(XCB , 

respectively.  
If F is a fuzzy mapping on X , then )(xF (we denote it by xF in the sequel) is a fuzzy set on X and 

)(yFx is the membership function of y in xF ， Let ∈M F )(X , ]1,0[∈q . Then the set ( )qM =  
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{ : ( ) }x H M x q∈ ≥ is called a q -cut set of M . 

Let →XTS :, F )(X be two fuzzy mappings satisfying the following condition(A): 

(A)There exist two mappings ]1,0[:, →Xba such that for all Xx ∈ , we have  

)()( )( XCBS xax ∈  

and                                    )()( )( XCBT xbx ∈  

By using the fuzzy mappings S and T , we can define two set-valued mappings S
~

andT
~

as follows 

( )

( )

: ( ) ( )         

: ( ) ( )

X a x

X b x

S X CB X x S

T X CB X x T

→

→

% a
% a

 

where S
~

and T
~

are called the set-valued mappings induced by the fuzzy mappings S and T , respectively.  

    The generalized duality mapping 
*

: 2X
qJ X → is defined by  

* * * *( ) { : ,qJ x f X x f f x= ∈ 〈 〉 = ,
1* }

qf x −=     x X∀ ∈  

where 1>q  is a constant in particular, 2J is the usual normalized duality mapping. It is known that 

)()( 2

2 xJxxJ q
q

−=     0≠x  

where qJ  is single-valued if ∗X is strictly convex[1]. If HX =  is Hilbert space, then 2J  becomes the identity 

mapping of H . In the sequel, we shall denote the single-valued generalized duality mapping by qJ . 

    Definition  A mapping XXXN →×: is said to be 

    (1)  Lipschitz continuous in the first argument, if there exists a constant 0>ζ such that 
( . ) ( , )N u N v u vζ⋅ − ⋅ −≤     ,u v X∀ ∈  

Similarly, we can define the Lipschitz continuous of ),( ⋅⋅N  in the second argument; 

    (2) Strongly accretive in the first argument if there exists a constant 0>r and )()( vuJvuj qq −∈−   such 

that 

( , ) ( , ), ( )
q

qN u N v j u v r u v〈 ⋅ − ⋅ − 〉 −≥     ,u v X∀ ∈  

Similarly, we can define the strongly accretive of ),( ⋅⋅N  in the second argument.  

Lemma 1[1]  Let X be a real uniformly smooth Banach space. Then X is q -uniformly smooth if and only 

if there exists a constant 0>qC such that for all Xyx ∈,  

, ( )
q q q

q qx y x q y j x C y+ + 〈 〉 +≤  

Lemma 2[2]  Let *: XXX →×η be strictly monotone and XXM 2: → be a generalized m - accretive 
mapping. Then the following conclusions hold 

(1) , ( , ) 0x y u vη〈 − 〉≥ ， )(),( MGraphvy ∈∀  implies that )(),( MGraphux ∈ , where, ( )Graph M =  

{( , ) : }x u X X x Mu∈ × ∈ ; 

(2) The inverse mapping 1)( −+ MI λ is single-valued for any 0>λ . 

Based on Lemma 2, we can define the resolvent operator for a generalized m - accretive mapping as follows: 
1( ) ( ) ( )       MJ z I M z z Xρ ρ −= + ∀ ∈  

where 0>ρ is a constant and *: XXX →×η be strictly monotone mapping. 

Lemma 3[2]  Let *: XXX →×η be strongly monotone and Lipschtiz continuous with constant 0>α and 

0>β , respectively.  Let XXM 2: → be a generalized m - accretive mapping. Then the resolvent operator 
MJ ρ for M is Lipschtiz continuous with constant 1−αβ , i.e. 

1( ) ( )M MJ u J v u vρ ρ αβ −− −≤     ,u v X∀ ∈  

2  Viational Inclusions  

Let X be a q -uniformly smooth Banach space.  Given mappings ]1,0[:, →Xba , fuzzy mappings 

→XTS :, F )(X , single-valued mappings *: XXX →×η , XXXN →×: and XXgf →:, . Suppose 
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XXM 2: → such that for each fixed Xt ∈ , XXtM 2:),( →⋅ is a generalized m - accretive mapping. 

Let’s consider the following problem: 

Find , ( ) ( )uu X S w a u∈ ≥  and ( ) ( )uT z b u≥ , such that  

)),()((),(0 zugufMwuN −+∈                                (1) 

which is called a completely generalized nonlinear implicit quasi-variational inclusion for a fuzzy mapping. 

As examples, we now consider some particular variational inclusion for fuzzy mappings. 

Example 1  If )(:, XCBXGF → are multi-valued mappings, by using F and G , we can define two fuzzy 

mappings as 

→XS :  F )(X     )( xFx χa  

→XT :  F )(X     )(xGx χa  

where )( xFχ and )( xGχ are the characteristic functions of the set )(xF  and )(xG  respectively, taking 

Xxxbxa ∈∀== ,1)(,1)( , then formula (1) is equivalent to finding FuwXu ∈∈ ,  and Guz ∈  such that 

)),()((),(0 zugufMwuN −+∈                                (2) 

which is called a completely generalized nonlinear implicit quasi-variational inclusion for a set-valued mapping. 

Example 2  If )(),( xMtxM = for all tx, in X , then formula (1) reduces to the following problem: Find 

, ( ) ( )Uu X S w a u∈ ≥ such that 

))()((),(0 ugufMwuN −+∈                                 (3) 

This problem is called a completely generalized nonlinear implicit variational inclusion for a fuzzy mapping. 

For appropriate and suitable choices of the mappings η,,,,,, gfNMTS , the functions ba,  and the space X , 

the variational inclusion formula (1) includes a number of known classes of variational inclusion and variational 

inequalities as special cases. 

3  Iterative Algorithm 

Lemma  4  For given uSwXu
~

, ∈∈  and uTz
~

∈ , ),,( zwu is a solution of formula (1) if and only if 

)),())((())(( ),( wuNugfJugf zM ρρ −−=− ⋅  

where 1),( )),(( −⋅ ⋅+= zMIJ zM ρρ and 0>ρ  is constant. 

Proof  This directly follows from the definition of ),( zMJ ⋅
ρ . 

Based on Lemma 4 and Nadler[3], we can develop a new iterative algorithm for solving formula (1) as follows 

Algorithm 1  For any given 000

~
, uSwXu ∈∈  and 00

~
uTz ∈ , we can get the iterative sequences 

}{},{ nn wu and }{ nz as follows: 
( , )

1

1
1 1

1
1 1

( )( ) (( )( ) ( , ))

, (1 (1 ) ) ( , )

, (1 (1 ) ) ( , )

nM z
n n n n n n

n n n n n n

n n n n n n

u u f g u J f g u N u w

w Su w w n H Su Su

z Tu z z n H Tz Tz

ρ ρ⋅
+

−
+ +

−
+ +

 = − − + − −
 ∈ − + +


∈ − + +

% % %
% % %

≤

≤

    0,1,2,n = L              (4) 

From algorithm 4, we can get algorithms for solving formulae (2) and (3) as follows: 

Algorithm 2  For any given 000 , FuwXu ∈∈  and 00 Guz ∈ , we can get the iterative sequences 

}{},{ nn wu and }{ nz as follows 
( , )

1

1
1 1

1
1 1

( )( ) (( )( ) ( , )

, (1 (1 ) ) ( , )

, (1 (1 ) ) ( , )

nM z
n n n n n n

n n n n n n

n n n n n n

u u f g u J f g u N u w

w Fu w w n H Fu Fu

z Gu z z n H Gz Gz

ρ ρ⋅
+

−
+ +

−
+ +

 = − − + − −
 ∈ − + +


∈ − + +

≤

≤

    0,1,2,n = L              (5)  

Algorithm 3  For any given Xu ∈0 and 00

~
uSw ∈ , we can get the iterative sequences }{ nu and }{ nw as 

follows 
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1

1
1 1

( ) (( )( ) ( , ))

, (1 (1 ) ) ( , )

M
n n n n n n

n n n n n n

u u f g u J f g u N u w

w Su w w n H Su Su
ρ ρ+

−
+ +

 = − − + − −


∈ − + + % % %≤
    0,1,2,n = L               (6) 

4  Existence and Convergence 

Theorem 1  Let X be a q -uniformly smooth Banach space and *: XXX →×η be strongly monotone and 

Lipschitz continuous with constants βα , . Let →XTS :, F )(X  be fuzzy mappings satisfying the condition(A), 

and )(:
~

,
~

XCBXTS → be set-valued mappings induced by S , T , respectively. Suppose that S
~

, T
~

are 

H -Lipschitz continuous with constants τσ , , respectively, XXgf →:, are Lipschitz continuous with constants 

ξγ ,  and gf −  is strongly accretive with constant k. Let XXXN →×:  be Lipschitz continuous in the first 

and second arguments with constants εζ , , respectively and strongly accretive in the first arguments with constant 

r . Let XXXM 2: →×  be a set-valued mapping such that for each fixed ),(, tMXt ⋅∈  is a generalized m - 

accretive mapping. Suppose that there exist constants 0>ρ  and 0>δ  such that, for each Xvyx ∈,,  
( , ) ( , )( ) ( )M x M yJ v J v x yρ ρ δ⋅ ⋅− −≤                              (7) 

1)1(])(1)[1(
11

<+++−+++−+= ρεσ
β
α

δτζρρ
β
α

ξγκ
β
α

θ qqq
q

qq
q CqrCq             (8) 

then the iterative sequences }{},{ nn wu and }{ nz generated by Algorithm 1 strongly converge to ** ,wu and *z , 

respectively, and ),,( *** zwu  is a solution of formula (1). 

Proof  From formulae (4)and(7) and Lemma 3, we have 

         
1

1 1 1

1
1 1 1 1

(1 ) (( )( ) ( )( )) +

                   + ( ( , ) ( , ))

n n n n n n

n n n n n n n n

u u u u f g u f g u

z z u u N u w N u w

αβ

δ αβ ρ

−
+ − −

−
− − − −

− + − − − − −

− − − −

≤
                

(9)
 

since XXgf →:, are Lipschitz continuous and gf −  is strongly accretive, we obtain 

 1 1 1(( )( ) ( )( )) [1 ( ) ]
q qq

n n n n q n nu u f g u f g u q C u uκ γ ξ− − −− − − − − − + + −≤              (10) 

Also since N  is strongly accretive and Lipschitz continuous in the first and second arguments and S
~

 is 

H -Lipschitz continuous, we have 

1 1 1 1 1

1 1
( ( , ) ( , )) (1 ) (1 )

1 1n n n n n n n nN u w N u w u u u u
n n

ε σ ε σ− − − − −− + − + −
+ +

≤                    (11) 

and 

1 1 1 1( ( , ) ( , )) (1 )
q qq q

n n n n n n q n nu u N u w N u w qr C u uρ ρ ρ ζ− − − −− − − − + −≤             (12) 

by H -Lipschitz continuity of T
~

, we know 

1 1 1

1 1
(1 ) ( , ) (1 )

1 1n n n n n nz z H Tu Tu u u
n n

τ− − −− + + −
+ +

% %≤ ≤                          (13) 

it follows from formulae (9)~(12) that 

1 1n n n n nu u u uθ+ −− −≤                                 (14) 

where 
1 1

1 1
(1 )[1 ( ) ] (1 ) (1 ) (1 )

1 1
q q qq q

n q qq C qr C
n n

α α α
θ κ γ ξ ρ ρ ζ δτ ρεσ

β β β
= + − + + + − + + + + +

+ +
 

It follows from formula (8) that θθ →n  as ∞→n . Since 0 1θ <≤ , we know that 1<nθ  for n  

sufficiently large. Thus, formula (14) implies that }{ nu is a Cauchy sequence in X . Let *uu n →  as ∞→n . 

Now, formulae (11) and (13) imply that }{ nw  and }{ nz are also Cauchy sequences. Let *wwn → and *zzn →  

as ∞→n . 

    Furthermore, we have 
* * * * * *( , ) ( , ) 0n n n nd w Su w w H Su Su w w u uσ− + − + − →% % %≤ ≤  
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which implies that ** ~
uSw ∈ . Similarly, we know that ** ~

uTz ∈ . Therefore, ),,( *** zwu  is a solution of formula 

(1). The proof is completed. 

From Theorem 1, we can obtain the following theorems. 

Theorem 2  Let X ,η , f , g , N , M be the same as in Theorem 1, and )(:, XCBXGF → be H -Lipschitz 

continuous with constants τσ , , respectively. If the formulae (7) and (8) of Theorem 1 hold, then the iterative 

sequences }{},{ nn wu and }{ nz generated by Algorithm 2 strongly converge to ** ,wu and *z , respectively, and 

),,( *** zwu  is a solution of formula (2). 

Theorem 3  Let X be a q -uniformly smooth Banach space and *: XXX →×η be strongly monotone 

Lipschitz continuous with constants βα , , respectively. Let →XS : F )(X  be a fuzzy mapping satisfying 

condition (A), )(:
~

XCBXS → be a set-valued mapping induced by S  and  S
~

be H -Lipschitz continuous with 

constantsσ . Let XXgf →:, be Lipschitz continuous with constants ξγ ,  and gf −  be strongly accretive 

with constant κ . Suppose that XXXN →×:  is Lipschitz continuous in the first and second arguments with 

constants εζ , , respectively and strongly accretive in the first arguments with constant r . Let XXM 2: →  be a 

generalized m - accretive mapping. If there exists a constant 0>ρ  such that 

1)1(])(1)[1(
11

<+++−+++−+= ρεσ
β
α

δτζρρ
β
α

ξγκ
β
α

θ qqq
q

qq
q CqrCq  

then the iterative sequences }{ nu and }{ nw generated by Algorithm 3 strongly converge to *u and *w , 

respectively, and ),( ** wu  is a solution of formula (3). 
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多功能网络服务器是一种针对中小型企业、学校和政府机关用户，专门定制的多功能集成网络服务器。它提供了用户迫

切需要的Email服务、Web代理服务和双机热备份镜像等核心功能，以及DHCP、DNS、FTP、NFS、Samba等辅助功能，形成

了以核心功能为主，多种功能为辅的产品特色。该产品除了具有低价格、高性能的特点外，还具备普通用户所需要的易安装、

易配置、易使用、易管理等特性。该成果完全自行研制，实用价值大，主要成果已形成产品并推向市场。 

·甬  江· 

 


