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Completely Generalized Nonlinear Implicit Quasi-Variational
Inclusionsfor Fuzzy Mappings

Yang Li*
(Department of Mathematics and Physics Southwest University of Science and Technology ~ Sichuan Mianyang  621002)

Abstract A new class of completely generalized nonlinear implicit quasi-variational inclusions
involving generalized M- accretive mappings for fuzzy mappings in (-uniformly smooth Banach
space are introduced and studied. By using the Nadler’ s theorem and the resolvent operator technique for
generalized M- accretive mapping, some new iterative algorithms for finding the approximate solutions
of this class of variational inclusions are constructed and the existence of solution for this kind of
variational inclusion are proved. The iterative sequences generated by the algorithms converge to the
exact solution of the quasi-variational inclusions.
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1 Prdiminaries

Let X be areal Banach space with dual space X, &, Xibe the dual pair between X and X" . Let 2%, CB(X)
F(X) and H(X%, ¥ denote the family of all the nonempty subsets of X , the family of al the nonempty closed
bounded subsets of X , the collection of al fuzzy mapping on X and the Hausdorff metric on CB(X) ,
respectively.

If F is a fuzzy mapping on X, then F(x)(we dencte it by F,in the sequd) is a fuzzy set on X and
F.(y) is the membership function of y in F,  Let MI F(X), qi [01]. Then the set (M), =
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{xI H:M(X)> o} iscaleda g-cutsetof M.
Let S, T: X ® F(X) betwo fuzzy mappings satisfying the following condition(A):
(A)There exist two mappings a,b: X ® [0]] such that for all xT X, we have
(S)ay I CB(X)
and (Tx)lu(x)T CB(X) - ~
By using the fuzzy mappings Sand T, we can define two set-valued mappings S andT asfollows
S: X ® CB(X) X (Sx )a
T:X®CB(X) x> Ty
where Sand T are called the set-valued mappings induced by the fuzzy mappings Sand T, respectively.
The generalized dudity mapping J,: X ® 2% is defined by
J,00={F T X ra ta=| ] W[tz i X

where g>1 isaconstant in particular, J,isthe usua normalized duality mapping. It is known that
3,00 =[x"*3,(x xt 0

where J, is single-valued if X" is strictly convex™. If X =H is Hilbert space, then J, becomes the identity
mapping of H . In the sequel, we shall denote the single-valued generalized duality mapping by J q

Definition A mapping N: X~ X ® Xissaidtobe

(1) Lipschitz continuous in the first argument, if there existsaconstarjt z >0such that

INUA- NV 3| < z|u- V| "u,vl X

Similarly, we can define the Lipschitz continuous of N> in the second argument;

(2) Strongly accretive in the first argument if there exists a constant r >0and j, (u - v J,(u-v) such
that

aN(U3- NV 3, jo(u- vz rlu- v’ "uvl X

Similarly, we can define the strongly accretiveof N(>% in the second argument.

Lemma 1¥ Let X bearea uniformly smooth Banach space. Then X is q-uniformly smooth if and only
if there existsaconstant C, > Osuch that for al X, yl X

[x+ "< X"+ ady, jo(fi+C ]

Lemma 22 Let h:X " X ® X be strictly monotone and M : X ® 2* be a generalized m- accretive
mapping. Then the following conclusions hold

(1) &- yh(uwie 0 " (y,»)I Graph(M) implies that (x,u)l Graph(M) , where, Graph(M)=
{(x,w)T X~ X:xi Mu};

(2) Theinverse mapping (I +1 M) *issingle-valued for any | >0.

Based on Lemma 2, we can define the resolvent operator for a generalized m - accretive mapping as follows:

J'@=0+rM) (9 "zl X

where r >0isaconstantand h : X~ X ® X’ be strictly monotone mapping.

Lemma 3 Let h: X" X ® X' be strongly monotone and Lipschtiz continuous with constant a > Oand
b >0, respectively. Let M : X ® 2” be a generalized M- accretive mapping. Then the resolvent operator
J, " for M isLipschtiz continuous with constant ab ™, i.e.
3" - 3" W< abu-v|  "uvi X

2 Viational Inclusons

Le X be a q-uniformly smooth Banach space. Given mappings a,b: X ® [0]], fuzzy mappings
ST:X® F(X), singlevalued mappings h: X" X® X, N: X" X® Xand f,g:X® X . Suppose
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M : X ® 2* such that for each fixed tT X ,M(xt): X ® 2*isageneradized m- accretive mapping.
Let’ s consider the following problem:
Find ul X,S,(w)= a(u) and T,(2)= b(u), such that
O N(u,w)+M(f(u)- g(u),2) @D
which is called a completely generalized nonlinear implicit quasi-variational inclusion for a fuzzy mapping.
As examples, we now consider some particular variational inclusion for fuzzy mappings.
Examplel If F,G: X ® CB(X)are multi-valued mappings, by using F and G, we can define two fuzzy
mappings as
S: X® F(X) X Criy
T:X® F(X) X Co
where ¢, and cg, are the characteristic functions of the set F(x) and G(x) respectively, taking
a(x) =Lb(x) =1 " xI X ,thenformula(l) isequivalenttofinding ul X,wl Fu and zl Gu such that
O N(u,w)+M(f(u)- g(u),2) )
which is called a completely generalized nonlinear implicit quasi-variational inclusion for a set-valued mapping.
Example 2 If M(xt)=M(x)for alx,tinX, then formula (1) reduces to the following problem: Find
ul X,S,(w)= a(u) such that
O N(u,w) +M(f(u)- g(u) ©)
This problem is called a completely generalized nonlinear implicit variational inclusion for afuzzy mapping.
For appropriate and suitable choices of the mappings S, T,M,N, f,g,h, thefunctions a,b and the space X ,
the variationa inclusion formula (1) includes a number of known classes of variational inclusion and variational
inequalities as special cases.

3 lterative Algorithm

Lemma 4 Forgiven ul X,wl Su and zl Tu,(u,w,z)isasolution of formula (1) if and only if
(f - g)(u)=3,""((f - g)(u)- rN(u,w)
where J M = (1 +rM(x2)"and r >0 isconstant.
Proof This directly follows from the definition of J, "
Based on Lemma 4 and Nadler™, we can develop a new iterative algorithm for solving formula (1) as follows
Algorithm 1 For any given u,T X,w,1 §u0 and z,1 'Fuo, we can get the iterative sequences
{u.} {w,} and {z,} asfollows:
TU, =U, - (- g)(u) + 3, (F - g)(u,)- T N(U,, W)
}wnT S, Wy - Wil @+ @) DH (Su, ) n=0,12, (4)
%AT Tu,, |2 - z|< @+@+0)DH(TZ,,.Tz,)
From algorithm 4, we can get algorithms for solving formulae (2) and (3) as follows:
Algorithm 2 For any given u,1 X,w,1 Fu, and z 1 Gu,, we can get the iterative sequences
{u,} {w,} and {z,} asfollows
U =U, - (F - @)(U) + 3.0 (F - g)(U,) - 1 N(u,w,)
}wnT Fu,, W - W< @+@+n)*")H(Fu,.,, Fu,) n=012,- (5)
i2,1 GUy, |2~ < (@+@+0))H(Gz,.,,Gz,)
Algorithm 3 For any givenu, T Xand w,1 §u0, we can get the iterative sequences {u,} and{w,} as
follows
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?umi :~un - (f - g)un + ‘Jr ((f - g)(un) :r N(E’In’wn)) ~012, (6)
TWn I S'ln! ||Wn+1 - Wn”S (1+ (1+ n)-l)H (S'ln+1asjn)

4 Existenceand Convergence

Theorem 1 Let X bea q-uniformly smooth Banach spaceand h : X~ X ® X' be strongly monotone and
Llpsch|tz continuous with constants a,b .Let S, T: X ® F(X) be fuzzy mappings satisfying the condltlor(A)
and ST:X® CB(X) be set-valued mappings induced by S, T, respectively. Suppose that S,T ae
H -Lipschitz continuous with constantss ,t , respectively, f,g: X ® X are Lipschitz continuous with constants
g,x and f- g issrongly accretive with constant k. Let N: X~ X ® X be Lipschitz continuous in the first
and second arguments with constantsz ,e, respectively and strongly accretive in the first arguments with constant
r.Let M:X X® 2° be a set-valued mapping such that for each fixed t1 X,M(xt) is a generalized m-
accretive mapping. Suppose that there exist constants r >0 and d >0 such that, for each x,y,vi X
I M9 () - Jr""(x'y’(v)Hs d|x- v @)

1 1
q :(1+%)[1- ok +C, (@ +x)°]° +%(1- rar+C,r %z %)% +dt +%res <1 6)

then the iterative sequences {u,},{w.} and {z} generated by Algorithm 1 strongly convergeto u’,w and Z ,
respectively, and (u',w ,Zz) isasolution of formula (1).
Proof From formulae (4)and(7) and Lemma 3, we have
Junes - U= @+abHu, - uy - (F - 9)(u,) - (F - 9)(u, )+

d";w - ;1-1||+ab-1||un Uy T (N(un’wn) - N(un-l’wn-l))” (9)
since f,g: X ® X areLipschitz continuousand f - g isstrongly accretive, we obtain
Jua - Ups- ((F- )W) - (F - YU, D) s [L- ok +Cy(@ +x)°]|u, - b, 4 (10)

Also since N is strongly accretive and Lipschitz continuous in the first and second arguments and S is
H -Lipschitz continuous, we have

(N, .. w,) - N(u,. ;. W, )< e@+ ﬁ)s Ju, - qq_l||e(1+1T1n)s Ju, - u, 4 (11)
and
Ju, -ty - (N@ULW,) - N W, )| s @- rar+Cyr 29|, - u (12)
by H -Lipschitz continuity of T , we know
2 Zuils @rHEULTY, S @ - Ul (13)
it follows from formulae (9)~(12) that

un+1 - un”S Qn "un - un-l” (14)

where
1

(1+—)[1 ok +C,(g +x)* ]q+ (1- raor +C, r 9299 +dt (1+—)+—res(1+—)

It follows from formula (8) that g, ® g as n® ¥ . Since 0< q<1, we know that g, <1 for n
sufficiently large. Thus, formula (14) implies that {u,} is aCauchy sequencein X .Let u, ® U as n® ¥ .
Now, formulae (11) and (13) imply that {w,} and {z} are also Cauchy sequences. Let w, ® w and z, ® Z'
as n® ¥ .

Furthermore, we have

dw,Su)< ||W - Wn||+ H(Su,, )< ||W - Wn||+S

u, - u*||® 0
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whichimpliesthat w' 1 Su’. Similarly, we know that z' 1 Tu’ . Therefore, (u",w',z’) is a solution of formula
(2). The proof is completed.

From Theorem 1, we can obtain the following theorems.

Theorem 2 Let X ,h,f,g,N,M bethe same asin Theorem 1, andF,G: X ® CB(X)be H -Lipschitz
continuous with constantss ,t , respectively. If the formulae (7) and (8) of Theorem 1 hold, then the iterative
sequences {u,}{w,} and {z,} generated by Algorithm 2 strongly converge to u’,w and Zz , respectively, and
(u,w,z) isasolution of formula(2).

Theorem 3 Let X be a g-uniformly smooth Banach space and h: X”~ X ® X  be strongly monotone
Lipschitz continuous with constants a,b , respectively. Let S: X ® F(X) be a fuzzy mapping satisfying
condition (A), S:X® CB(X) be a set-valued mapping induced by S and Sbe H -Lipschitz continuous with
constantsS . Let f,g: X ® X be Lipschitz continuous with constants g,x and f - g be strongly accretive
with constant k . Supposethat N: X"~ X ® X is Lipschitz continuous in the first and second arguments with
condantsz ,e, respectively and strongly accretive in the first arguments with constant r.Let M : X ® 2* bea
generalized m - accretive mapping. If there existsa constant r >0 such that

1 1
q :(1+%)[1- gk +C,(@ +x)]° +%(1- rogr+C,r 9z %)% +dt +%res <1

then the iterative sequences {u,} and {w,} generated by Algorithm 3 strongly converge to u” and W ,
respectively, and (u',w') isasolution of formula (3).
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