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Quasi-Classical Description Logics and Paraconsistent
Tableau Calculus for Reasoning with Acyclic TBox
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Abstract The forthcoming semantic Web evolving from the current World Wide Web is designed to define
the semantics of information and services on the web, thereby endowing the web with intelligence to automatically
reason about the web contents. Description logics (DLs) play a substantial role in the semantic Web, since they
underlie the W3C-recommended Web ontology language (OWL), which is derived from ontology research in
artificial intelligence (Al) in order to achieve the goal of the semantic Web. However, the knowledge and data in
the Semantic Web are large-scale, dispersive, multi-authored, and therefore usually inconsistent. It is reasonable
and imperative to develop practical reasoning techniques for inconsistent ontologies. This paper proposes a new
type of paraconsistent description logics based on Hunter’s quasi-classical logic (QCL), which are termed as
quasi-classical description logics (QCDLs). QCDLs avoid logical explosion. A semantic tableau calculus is
constructed in QCDLs for the reasoning on the knowledge bases with acyclic TBox. Furthermore, a sound,
complete and decidable consequence relation based on the calculus is defined. These enable a complete framework
for paraconsistent reasoning in the Semantic Web. A comparison with other key paraconsistent description logics is
also given. It is shown that QCDLS possess more expressive semantics and stronger reasoning capability, and that
its connectives behave classically at the object level.
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automatically reason about the web contentst™.
Description Logics play a substantial role in the
The forthcoming semantic Web evolving from the Semantic Web  since  they  underlie  the
current World Wide Web is designed to define the W3C-recommended Web ontology language, which is
semantics of information and services on the web,  derived from ontology research in artificial intelligence
thereby endowing the web with intelligence to  jn order to achieve the goal of the semantic Web???.
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However, a difficult dilemma is faced. It is rarely
possible in practice to obtain consistent knowledge
bases in a Semantic Web environment, since the
knowledge and data are usually large-scale, dispersive
and multi-authored. But classical logic is explosive
when inconsistent knowledge is involved. So are
description logics, because description logics are
structured fragments of classical first-order logic!?.
Hence, it is necessary and significant to explore the
ways of dealing with inconsistent knowledge in the
Semantic Web.

Inconsistency handling is a well-known topic in
Al. In tradition, there are two fundamentally different
approaches to dealing with inconsistency, which are
usually based on two different points of view on
inconsistency.  The  first approach  considers
inconsistent data to be abnormal and incorrect
knowledge, which should be eliminated or repaired in
order to obtain a consistent knowledge base!®. But
this approach is usually unpractical and unfeasible in
the Semantic Web environment. On the contrary, in the
second approach, inconsistency is believed to be
natural and reasonable, and therefore should be
tolerated®*?. Because of the properties of knowledge
in the Semantic Web mentioned above, it is usually
difficult to determine which is true and which is false
when inconsistency is presented. The second approach
is therefore more suitable for the semantic Web
applications. Many kinds of inconsistency-tolerated
logics, usually called paraconsistent logics where ex
contradictione ouodlibet (ECQ) is intrinsically avoided,
have been proposed in Al. The two very useful and
interesting types of such logics are Belnap’s
Four-Valued Logic™¥ and Hunter’s quasi-classical
logic (QCL)®™™  Four-valued logic has been
transferred to DLs to propose so-called four-valued
description logics (FVDLs)®*™, in which the
additional truth values standing for undefined and
overdefined are employed. However, FVDLs are too
weak to infer enough conclusions which are inferable
in the classical case. QCL grounds on different idea
from Belnap’s four-valued logic, where the order of
applying compositional proof  rules and
decompositional proof rules is restricted. QCL is more

expressive in semantics and stronger in reasoning
capability than four-valued logic methodology.
Moreover, its connectives behave in a “classical
manner” at object level so that important proof rules
such as modus tollens, modus ponens, and disjunctive
syllogism hold again™*7,

In this paper, we apply the methodology of QCL
into DLs and propose a paraconsistent description
logic, called quasi-classical description logics
(QCDLs), in order that the useful and non-trivial
conclusions might be inferred from inconsistent
knowledge. QCDLs inherit merits from QCL and
preserve more expressive and stronger semantics.
Furthermore, a semantic tableau calculus for the
reasoning problems on the knowledge bases with
acyclic TBox is constructed. Based on the tableau
calculus, a sound, complete and decidable consequence
relation is defined. The description logic ALC is
considered in chief because it is regarded as the most
foundational one and covers the core of OWL-DL.

The rest of this paper is organized as follows:
Section 2 provides a brief refresher on description
logics, and analyzes the reason why ECQ happens in
DLs. The formal semantics of QCDLs is defined in
Section 3. In Section 4, the semantic tableau for
QCDLs is presented and the properties of QCDLs are
analyzed. In Section 5, we give a comparison with
other key paraconsistent reasoning techniques. Section
6 concludes the paper.

2 Preliminaries

In this section, a brief review for the DL ALC is
provided, and the reason of ECQ in DLs is analyzed.
2.1 Description Logic ALC

The reader is assumed to be familiar with
description logics. Please refer to reference [2] if
detailed background is needed.

Definition 1 The alphabet for ALC language
is constructed as follows:

() A set of unary predicate symbols N.
denoting concept names;

(2) A set of binary predicate symbols N,
denoting role names;

(3) A set of constant symbols N, denoting
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individual names, in which there is assumedly at least
one element;

(4) A set of logical symbols including connectives,
quantifiers and auxiliary symbols.

ALC concepts are inductively defined as
follows.

Definition 2 The smallest set C satisfying the
following conditions constitutes ALC -concepts:

(1) The top conceptT , the bottom concept L
and every concept name Ae N_ are ALC-concepts;

(2) If C and D are ALC -concepts and

ReNg, then CND, CubD, -C, VRC and
JR.C are ALC-concepts.
The formal semantics of ALC is defined in

terms of an interpretation 7 =(a”,-*). The domain
»’ is a non-empty set of individuals and the
interpretation function - satisfies the definition in
Table 1.

Table 1 Syntax and semantics of ALC

Name Syntax Semantics
Concept name A A !
Role name R R' ca'xa'
Individual name a a' ea
Top concept T N
Bottom concept 1 %)
Conjunction cnb Cc'nD'
Disjunction cuD c'uD'
Negation —C A'\C!
EXists restriction 3rRC I3y <R
andyeC'}
Value restriction VR.C vy xy) R
impliesy eC'}
Concept inclusion CED c'cp!
Concept assertion C(a) a' eC'
Role assertion R(a,b) @',b'")eR'

An ALC knowledge base (or ontology) involves
a set of terminological axioms, called TBox, and a set
of assertional axioms, called ABox. The most general
form of terminological axioms is general concept
inclusion (GCI), which is of the form CLC D, where
both C and D are concepts. It means that every
individual of C is also the individual of D. An
concept inclusion, which is of the form AC C where
AeN, and C is any concept, is called
specialization. A definition axiom of TBox, which is of
the form A=C where Ae N, can be viewed as an

abbreviation of ACC and CLC A . Assertional
axiom is of the form C(a) or R(a,b) where CeC,
ReN; and abeN,. An assertion C(a) means
that the individual a is an instance of concept C,
and an assertion R(a,b) means that there is a
relationship R between the individuals a and b.
The semantics of terminological and assertional
axioms is also shown in Table 1. An interpretation |
satisfies a knowledge base 2, that is, | is a model
of X, iff it satisfies each axiom in the TBox and the
ABox of X

In this paper, we focus on some special forms of
TBox. A finite set of definitions 7 is called
terminology if for every atomic concept Ae N there
is at most one axiom in 7 whose left-hand side is A.
A finite set of definitions and specializations T is
called generalized terminology if for every atomic
concept Ae N. there is at most one axiom in 7
whose left-hand side is A.Let A/Be N. be concept
names occurring in a terminology (or generalized
terminology) 7 . We say that A directly uses B in
7 if B appears on the right-hand side of the
definition (or specialization) of A, and we call uses
the transitive closure of the relation directly uses. Then
7T contains a cycle iff there exists an atomic concept
AeN. in T that uses itself. Otherwise, 7 is
called acyclic.

The purpose of a knowledge representation
system is not only to represent and store existed
knowledge but also to infer implicit knowledge.
Various reasoning tasks are considered for DLs. Since
the topic of our work is to discuss how to derive
non-trivial inferences from inconsistent knowledge, it
is sufficient to consider concept subsumption and
instance checking:

(1) Concept Subsumption: a concept C is
subsumed by another concept D w.r.t. a knowledge
base X, written YECLCD, if C' D' holds for
every model | of X.

(2) Instance Checking: an individual a is an
instance of a concept C w.r.t. a knowledge base X,
written X EC(a), if a' eC' holds for every model
I of 2. A pair of individuals (a,b) is an instance
of a role R w.rt. a knowledge base X, written
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Y ER(ab), if (a',b')eR' holds for every model
| of X.
2.2 ECQ in Description Logics

Classical description logics preserve ECQ
because description logics are structured fragments of
classical first-order Iogic[Z]. Any concept inclusion and
any assertion are consequences of an inconsistent
knowledge base in classical semantics and classical
reasoning techniques of DLs. Let us consider an
example.

Exmaple 1  Consider the following ALC -
knowledge base X =<7,A >:

T ={Driver C Person M 3PROFILE
DrivingLicense M ACONTEXT.Position
Traveler C (Driver LI Passenger) M 3aTO.Position}

A ={Traveler(jack),—Passenger(jack),
—3PROFILE.DrivingLicense(jack)}

This simplified knowledge base describes a
possible situation of an urban traffic system. In this
knowledge base, a driver is portryed as a person who
has the driving license as his/her profile, the current
position information as his/her dynamic context. A
Traveler is designed as a driver or passenger who
wants to go to some position. Jack was originally
described as a traveler and not a passenger by
engineers. However, an assertion describing that jack
no longer has certified driving license is added into the
knowledge base after some events have happened. This
assertion may be added by importing knowledge from
other sources such as police, or by another maintainer
so that the knowledge base becomes inconsistent.

Users will find that what they obtain are totally
meaningless answers when they raise a query to this
knowledge base.

In model-theoretic view, a concept inclusion
query or an assertion query is a semantic consequence
of a knowledge base iff every model of the knowledge
base is a model of the query. But it is obvious that no
model can satisfy the inconsistent knowledge base *
by the definition of classical semantics of ALC. In
other words, there is no model of X that is not a
model of the query. Vacuously, every model of X is a
model of the query. So, any query is a semantic
consequence of 2.

In proof-theoretic view, it is a corresponding case
in any complete reasoning approach. Consider
semantic tableau calculus, the classical tableau for *
and an arbitrary query is closed since the expanding
process always encounter a classical clash, i.e.,
DrivingLicense(i) and —DrivingLicense(i) where
i is an individual name generated in terms of the
expension rule for 7. It means the query is a logical
consequence of 2.

3 Quasi-Classical Description Logics

In this section, the semantics of the quasi-classical
DL QC- ALC is defined. There are a number of
challenges to transplant quasi-classical semantics from
QCL into DLs, because of differences between them.
Syntactically, for example, DLs have no function and
explicit free variable which in fact implicitly exists in
concept. Semantically, the descriptive semantics of
DLs is dissimilar to the Herbrand interpretation of
QCL.

We now consider the essential ideas behind
QCDLs. Firstly, QCDLs separate the mutually
exclusive relation between a formula and its negation,
like some paraconsistent logics. This can achieve
paraconsistency in the aspect of model theory.
Secondly, applying of decompositional rules in proofs
of QCDLs is forbidden after compositional rules have
been applied. This can make ECQ be avoided in the
aspect of proof theory. Thirdly, QCDLs preserve
resolution to constitute the basis of useful
paraconsistent reasoning. Hence, QCDLS possess more
expressive and stronger semantics to capture
resolution.

The syntax of our quasi-classical description logic
QC-ALC is the same as classical ALC. It is one of
the merits of QC- ALC since users usually do not
want any syntactical change in their knowledge bases,
and paraconsistent reasoning can be executed in any
classical ALC-knowledge base immediately. We first
show some basic and necessary definitions.

Definition 3 Let £ denote a set including
concept inclusions, concept assertions and/or role

assertions formed from C, N and N,.



660 SRS N i N = 2

38 &

Definition 4

(1) All concept names in N, the top concept T
and the bottom concept L are atomic concepts.

(2) If A is an atomic concept and R is a role
name, then A(a), —A(a) and R(a,b) are literals,
where a,beN,.

(3) A clause is a finite set of literals. A clause
empty clause, denoted D if it has no literals.

(4) A clause set is a finite set of clauses.

(5) Let o« be aclause {A,A,,---,A}, the focus
of ¢ by A, denoted ®(a,A), is defined as the
clause obtained by removing A from the set
{A,A,,---,A}. In the case of n=1, that is a clause
just with one disjunct, we assume ®({A},A)={A}.
Intuitively, a clause is a disjunction of the literals in it
and a clause set is a conjunction of the clauses in it.

Example 2 Let « ={Traveler(jack), —Passenger
(jack), TO(jack,airport)} be a clause, where Traveler
(jack) , —Passenger(jack) and TO(jack,airport) are
literals. Then, ®&(«,Traveler(jack))={—Passenger
(jack), TO(jack, airport)}. Sequentially, the semantics
of QC- ALC can be defined based on a form of QC
interpretation.

Definition 5 A QC interpretation Z =(a”,-")
consists of a non-empty set »”, called the domain of
Z, and a function -* that maps every individual
name to a element of A”, every concept name (i.e.
atomic concept) to a pair of subsets of A”, and every
role name to a pair of subsets of a”xa”, such that
Tr=<a’,@> and L'=<T,a">.

Note that a QC interpretation is defined only for
atomic concept names and role names but not for any
compound concept. It is more similar to the
interpretation in classical first-order logic but less to
classical DLs in which compound concepts are also
directly interpreted.

Example 3 Let Z=(.",") be a QC
interpretation, where a”={jack,airport}, such that

jack® = jack , airport” = airport
Traveler” =<{jack},{airport} >
Passenger” =< &,{jack} >
Driver” =<{jack},{jack} >
Position” =< {airport},& >
TO® =<{(jack,airport)}, >

Two functions proj* and proj” are defined as
follows for simplicity of notation:

proj (< +A,—A>)=+A
and

proj (< +A,—A>)=-A
where both +A and —A are sets.

We say that proj*(A") (or proj'(R*)) is the
positive extension of the concept name A (or role
name R ) in the QC interpretation Z , while
proj (A*) (or proj (R*)) is the negative extension.
If aeproj'(A"), then we say that a is a positive
instance of C in Z, while if aeproj (A"), then
we say that a is a negative instance of C in Z.
Note that the negative extension for a role name is not
necessary in this work because ALC does not contain
negative role constructor. However, we still define it to
retain consistency of notation with possible extensions
to more expressive description logics.

With the QC interpretation, the notion of
satisfiability for formulae in QC- ALC could be
defined inductively. We first consider the following
intuitive meaning for literals being satisfied or not in a
QC interpretation 7 :

aeproj’(A*) means A(a) is “satisfiable” in
7,

aeproj (A") means A(a) is not “satisfiable”
in 7,

aeproj (A") means —A(a) is “satisfiable” in
7,

aeproj (A") means —A(a) is not “satisfiable”
in 7.

It is easy to see that the mutually exclusive
relation between a formula and its negation has been
decoupled in the aspect of semantics since we allow
simultaneous satisfaction for an assertion and its
negation.

Following the above intuition, the decoupled
satisfaction for literals is formally defined as follows.
Then, the satisfactions for more complex formulae in
L are defined based on the decoupled satisfaction.

Definition 6 For a QC interpretation 7 , a
satisfiability relation for literals, called Decoupled
Satisfaction and denoted F,, is defined as follows,
where A(a) is an atomic concept assertion and
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R(a,b) is arole assertion.
Tk, A(a) iff a’ e proj*(A")
Tk, —A(a) iff a’ e proj (A")
Tk, R(a,b) iff (a’,b”)e proj"(R*)

Example 4 Consider again the QC interpretation
Z in Example 3. So

7k, Traveler(jack), Z, ¥ —Traveler(jack)

7, ¥ Passenger(jack), Z k, —Passenger(jack)
7 E, Driver(jack), Z E, —Driver(jack)
7 E, TO(jack,airport)

This definition of the decoupled satisfaction is the
base case for the two further satisfaction relations,
namely strong satisfaction and weak satisfaction,
which allow us to define an entailment relation.

The main idea behind QCDLs is that proofs are
separated two stages in which decompositional phase,
including resolution, is followed by compositional
phase. Hence, the semantics for these two stages is
defined to capture this idea. Firstly, we show the
inductive  definition  of  strong  satisfaction
corresponding to the decompositional phase, in which
the equivalences allow rewriting any formula in £
into a set of assertions, and then into clause, which can
be evaluated w.r.t. the QC interpretation.

Definition 7 For a QC interpretation 7 , a
satisfiability relation, called strong satisfaction and
denoted F,, is defined as follows, where A, A,,---, A
are literals in £, ReN; is a role name and
a,be N, are individual names.

Foraclause o ={A.A,--- A}, 1K a iff

(1) there is at leastone A e suchthat |k A,
and

(2) for all

| E ®(a, A).

For C,DeC , the definition is extended as

follows.
IECCD

I £ {~CLuD(a)}.
I E C(a) iff 1k {C(a)}.
I E R(a,b) iff 1k {R(a,b)}.

Let B be a set of assertions. The definition is
extended as follows.

if CnbD(@ep , lE S iff

S

I (B-{C1D(@}) w{C(a)} and

Aea , I1E—-A implies

iff for any individual aeN,

I (B-{C1D(@)}) w{D(@)}.

if cCuD@epf =Y iff
I'E (B-{CuD(a)})w{C(a),D(a)}.
if —C@ep = iff

5 (B-{—C(@}) v{C@}.

if —~(CnD)@a)ep , lE g iff
I (B-{~(Cn D)@} w{-Cu-D(a)}

if —~(CuD)@)ep , lE g iff
I (B-{~(CuD)@)3}) w{-Cri-D(a)}.

if VRC(@)epg, Ik g iffforall beN,,
I E R(a,b) implies |k (8-{VvR.C(a)}) u{C(b)}.

if 3IRC(@)ep , IE S iff there is some
be N, such that

I E (B-{3RC(a)}) v{R(a,b)} and

I (B-{3RC(a)}) w{C(b)}.

if _VRC@ep = iff
| £ (B -{=VRC(a)}) U{3R~C(a)}.
if _FRC@ep =Y iff

I E (B-{—3RC(a)}) u{VR.—C(a)}.

Example 5 Consider again the QC interpretation
Z in Example 3. So

7 E Traveler C 3TO.Position ,
Passenger ,

7 kE, Driver LI —Passenger (jack) and
7 ¥, Driver LI Passenger(jack) .

Since resolution rule is expected to be preserved
in the case of the decoupling of the mutually exclusive
relation between a formula and its negation, the items
for disjunction in strong satisfaction are defined to
capture a form of resolution in semantics.

Definition 8 Let £=(7,A4) be a knowledge
base, where 7 isa TBox and A isa ABox. AQC
interpretation Z is said to strongly satisfy X ,
written ZE X', if Z strongly satisfies every axiom
of X. Such a QC interpretation Z is said to be a
strong model of X'

Example 6 Let ZT=(",") be a QC
interpretation, where a”={jack,no123,college,

airport} such that jack” = jack ,
nol23* =nol23 : colloge” = college ,
airport” =airport ,

Driver” =<{jack},{jack,no123,

college,airport} >,

Person” =<{jack},d >,

T ¥ TravelerC
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DriverLicense” =<{no123},{no123} >,

Position” =<{college, airport},& >,

Traveler” =<{jack},{jack,no123,

college,airport} >,

Passenger” =<{jack},{jack}>,

PROFILE® =<{(jack,no0123)},& >,

CONTEXT? =<{(jack,college)},& >, and

TO" =<{(jack,airport)},& > .

So 7k Traveler C3TO.Position , Tk
Traveler C Passenger ,

7 kE, Driver Ll —Passenger(jack) ,
Passenger(jack), and

For the inconsistent knowledge base X in
Example 1, Z7EF X holds, that is, Z is a strong
model of X .

The  definition for  weak  satisfaction,
corresponding to the compositional phase in proofs, is
similar to strong satisfaction other than the definition
for disjunction, which is no longer defined to capture
resolution.

Definition 9 For a QC interpretation 7, a
satisfiability relation, called weak satisfaction and
denoted as F,, is defined as follows, where A is a
literal in £, C,DeC are ALC-concepts, Re Ny
isarolename and a,be N, are individual names.

Ik, A Iff ZTF A.

ITE,CCD iff for all
Ik, —-CLD(a).

IZkE,CnD(a) iff Tk, C(a) and Ik, D(a).

IZkE,CUD(a) iff Tk, C(a) or ZF, D(a).

Ik,——C(a) iff Tk, C(a).

Ik, —~(CnD)@a) iff ZE, -CU—-D(a).

Ik, —~(CuD)@a) iff ZE, -CM—=D(a).

TkE,VR.C(a) iff for all beN,, ZFk, R(a,b)
implies 7k, C(b).

7Tk, 3R.C(a) iffthereissome be N, such that
ZE,R(a,b) and Zk, C(b).

Ik,—VRC(a) iff ZTF,6 3IR.-C(a).

Tk,—-3RC(a) iff ZF, VR.-C(a).

Example 7 Consider the QC interpretation Z
in Example 3 again. So

7k, Traveler C 3TO.Position , Z,, ¥ Traveler C
Passenger ,

7 E, Driver LI —Passenger(jack) , Z k, Driver U

7 k, Driver L

aeU(L)

Passenger(jack) .

Example 8 Consider the QC interpretation Z
in Example 6 again. So

T E, Traveler C 3TO.Position , Z E, Traveler C
Passenger ,

7 E, Driver LI —Passenger(jack) , Z k, Driver U
Passenger(jack)

Sequentially, based on the two satisfaction
defined above, QCDLs entailment is established,
which is of the same form as classical DLs entailment,
except that strong satisfaction is used for the
assumptions and weak satisfaction is used for the
conclusion.

Definition 10 For a knowledge base X', let K,
denote an entailment relation, called the QC
Entailment Relation, which is defined as follows,
where C,DeC are concept names, Re N, and
a,be N, are individual names.

2K, CED iff for any QC interpretation 7,
ZkE X implies ZF,CCD.

2K, C(a) iff for any QC interpretation 7,
Tk X2 implies Zk,C(a).

Lk, R(a,b) iff for any QC interpretation 7,
Tk X implies ZFk, R(a,b).

Example 9 Consider the inconsistent knowledge
base X in Example 1 again. The followings can be
verified.

Tk, Traveler C 3TO.Position , 2 ¥ Traveler C
Passenger ,

2/, 3TO.Position(jack) , and X, ¥ —Person
(jack) .

This example shows that I, is non-trivializable
in the sense that it is not the case that every formula in
L is entailed by X even if X is classically
inconsistent.

4 A Tableau Calculus for QCDLs

The tableau-based reasoning technique is most
widely used to solve the reasoning problems in DLs. It
was first introduced to the area of DLs in reference
[19], and developed and extended by many other work
such as reference [19]. In this section, the tableau
approach for classical DLs is adapted to provide a
paraconsistent automated proof procedure — the QC
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semantic tableau, which can be used to handle
reasoning problems on the knowledge base with
acyclic TBox.

In classical semantics, the reasoning problems on
the knowledge base with acyclic TBox can be reduced
to problems on the knowledge base with the empty
TBox by means of normalization and expanding
concepts[Z]. However, the normalization is no longer
valid in QC semantics. So, it is needed in QC semantic
tableau to develop particular expansion rules for
acyclic inclusion axioms.

The following definitions are needed for the
adaptation.

Definition 11 The set of signed formulae of L
isdefinedas £ =LU{p"|peL}.

We regard the formulae in £ without the
symbol * as satisfiable and the formulae in £ with
the symbol * as unsatisfiable.

For the sake of convince, it can be assumed
without loss of generality that all of the concepts
occurring in the given knowledge base and query are
transformed in negation normal form (NNF), i.e., that
negation is applied only to concept names. An arbitrary
ALC concept can be transformed to an equivalent
NNF by pushing negations inwards using a series of de
Morgan’s laws, the duality between quantifiers and
double negation elimination, which are guaranteed by
both the strong and weak satisfaction. For a concept or
an assertion C, we will use —C to denote the NNF
of —C . For example, the NNF of the concept
—(VR.AU3IP.B) , where A and B are concept
names, is (3IR.—A) 1 (VP.—B).

4.1 Constraint System

Before describing the semantic tableau more
formally, it is needed to introduce the notion of
constraint system, which was originally proposed in
reference [19]. In order to provide an appropriate data
structure representing constraints such as “C(a) is
strongly satisfiable” and “ C(b) is weakly
unsatisfiable”, the traditional constraint system is
adapted, and signed ABox assertions is used to
represent the constraints in this paper. In order to gain
the ability of processing acyclic TBox, inclusion
axioms are included in our constraint system in which

an inclusion axiom is viewed as a cluster of assertion
constraints, and is finally transformed to these
constraints by applying expansion rules.

Definition 12 A constraint system S is defined
as a finite nonempty set of sets of constraints which are
signed assertions and signed GCls, i.e., S#< and
Sc (L"), where @(L ") is the power set of L.
Initially, a given ALC -knowledge base = =(T7,.A)

is  translated into a  constraint  system
S, ={{a}|aeToracA}.
Example 10 The initial constraint system

translated from the knowledge base 2 in Example 1
is as follows:
S, ={{Driver C Person M 3PROFILE.

DrivingLicense M ACONTEXT .Position},

{Traveler C (Driver LI Passenger) 1

3TO.Position},{Traveler(jack)},

{—Passenger(jack)},

{VPROFILE.—DrivingLicense(jack)}}.

The satisfiability relation for constraint system is
defined as follows.

Definition 13 The strong satisfaction and weak
satisfaction relations are further extended for constraint
system as follows, where @ecL and S is a
constraint system.

ITE{p} Iff ITE @ iff TH ¢

IEA{p} Iff ITE, o iff TH, ¢

Tk S iffforevery feS, Tk f

TkE,S iffforevery feS, ZTE, p

We say S is satisfiable iff there is a QC
interpretation Z such that ZFE Sn@(L) and
TE,S-Snp(L).

For every individual aeN, occurring in a
constraint system S, we call a explicit if there is a
constraint on a in S that is involved in a single
constraint set containing only one constraint, and we
call it implicit if there is no such constraint. For
example, in a constraint system
S ={{A(a),R(a,b)},{B(a)}}, a is explicit and b is
implicit.

4.2 Expansion Rules

After obtaining a constraint system from a
knowledge base, the QC semantic tableau then applies
it to the so-called expansion rules, which transform the
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sets of constraints into clauses, then syntactically
decompose the clauses into literals and generate one or
more expanded constraint systems with new
constraints in every step. There are two types of
expansion rules in the definition of the QC semantic
tableau. The first type is given in Definition 14 and
called S-rules, which is to process the constraints
without the symbol * that are believed to be satisfiable.
The second type is given in Definition 15 and called
U-rules, which is to process the constraints with the
symbol * that are believed to be unsatisfiable.
Definition 14 The S-rules for QC semantic
tableau are defined as follows.
M-rule S—>Su{(f-{CnD(a)})u{C(a)}.
(B-{CnD(a)})w{D(a)}}
if (1) CnD(@)epB where feS,and
(@) {(B-{CnD(a)}){C(a)}
(B-{CnD(@)})u{D@}}<S.
U, -rule S—>Su{(f-{CuD(a)})u{C(a),D(a)}}
if (1) CuD(a)epB where feS,and
(2) (B-{CuD(a)})u{C(a),D(a)}eSs.
U, -rule S-S u{®(e,A)}
it (1) a={A,A,--,A}eS where « is a clause,
and
(2) There is a A e« such that {~A}eS and
®(a,A) S.
Uy-rule S —SU{A}LS U{AIL . SU{{A}}
it (1) a={A,A,--,A}eS where « is a clause,
and
2 {{AY Acatns=0.
C-rule S—>SU{{-AUC(a)}}
if 1. {ACC}eS,and
(2) There is an explicit individual a such that
{—~AUC(a)}eS.
Vv -rule S— Su{(f-{vRC(a)}) u{C(b)}}
if (1) YVRC(a)e S where feS,and
(2) There is an individual b such that
{R(a,b)}eS,and (B—-{VRC(a)}){C()}«S.
d-rule S—>SuU{(f-{3R.C(a)}) v{R(a,b)},
(8-{3RC(a)}) w{C(b)}}
if (1) 3RC(a)ep where feS,
(2) b isanew individual name, and
(3) There is no individual i such that

(B-{3RC(a)}) W{R(a,i)}eS and

(B-{3RC(a)}) w{C(i)}eS.

Definition 15 The U-rules for QC semantic
tableau are defined as follows.

M -rule S—SuU{{C(a)’}},Su{{D(a)}}
if (1) {CnD(a)}eS,and
@) {{C(@)1{D(@)}}nS=9.
LU -rule S—Su{{C(a)'}L,{D(a)'}}
if (1) {CuD(a)}esS,and

@) {{C(a)1{D(a)}}s.
C-rule S—>SuU{{-AUC(b)'}}
if (1) {(AEC)}es,

(2) b isanew individual name, and

(3) there is no individual i such that
{—-AULC(i)}eS.

V*-rule S—SU{{R(ab)}L{C(b)'}}
if (1) {vRC(a)}eS,

(2) b isanew individual name, and

(3) There is no individual i such that
{{R@DI{C) IS,

T -rule S—>SU{{C(b)'}}
if (1) {3RC(a)'}eS,and

(2) There is an individual b such that
{R(a,b)}eS and {C(b)}«S.

We refer to U, -rule and 1" -rule as
nondeterministic rules, since they can be applied in
different ways to the same constraint system
(intuitively, they correspond to branching rules of
tableau). All the other rules are called deterministic
rules. Among them, we refer to M-rule, L -rule,
C -rule, U -rule and C" -rule as rewriting rules,
L, -rule as resolution rule, and Vv -rule, 3 -rule,
V" -rule and I -rule as quantification rules. In
addition, we refer to 3-rule, C°"-rule and V" -rule as
generating rules since they introduce new individuals
in the constraint system. All the other rules are called
non-generating rules.

4.3 The QC Semantic Tableau and QC
Consequence Relation

Definition 16 A QC semantic tableau for a
knowledge base > and aquery gL isatree such
that

(1) The root of the tree is labeled by S, U{{#"}},
and

(2) All child nodes are a constraint system
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obtained by applying expansion rules on their parents.
This definition is similar to the one for the classical
semantic tableau in refrences [2, 20]. The major
differences include: (1) The root of the classical
tableau is labeled by S, u{—¢} if the query
¢=C(a), or is labeled by S, U{C M —D(b)}, where
b is a new individual, if the query ¢=CLCD; (2)
The constraint system of the classical tableau is a set of
non-signed constraints, while the constraint system of
the QC tableau is a set of constraint sets. The reason
causing the differences is that the link between a
formula and its complement has been decoupled.

Definition 17 A constraint system is complete iff
no expansion rule is applicable to it. A complete
system derived from a constraint system S is also
called a completion of S. A constraint system S
contains a clash iff {L@k=T ()}
{T@M-1L@NNS=0 o {A{A}cS
where A s a literal.

Definition 18 A QC tableau is closed iff all its
branches are closed. A branch in such a tableau is
closed iff its leaf node contains a clash. A tableau is
open iff at least one of its branches is open. A branch is
open iff its leaf node is complete and does not contain
clash.

Now, the QC consequence relation can be defined
using the QC semantic tableau.

Definition 19 For a knowledge base with acyclic
TBox X, let +, denote a consequence relation,
called the QC Consequence Relation, which is defined
as follows, where C eC are concept names, Re Ng
isarolename and a,be N, are individual names.

2k ACC iff the QC semantic tableau for X
and ACC isclosed;

2+, C(a) iff the QC semantic tableau for X and
C(a) isclosed;

2+, R(a,b) iff the QC semantic tableau for X
and R(a,b) isclosed.

The reasoning tasks formalized in the end of
Subsection 2.1 can be finished using the QC entailment,
by checking whether the corresponding QC
consequence relations hold.

Example 11 Consider the inconsistent
knowledge base X in Example 1 and the query

—Person(jack) in Example 9. The root of the
semantic tableau for X and the query is:
S, =S; U{{—Person(jack)"}}=

{{Driver C Person M
IPROFILE.DrivingLicense N
JCONTEXT.Position},
{Traveler C (Driver LI
Passenger) M ATO.Position},
{Traveler(jack)},
{—Passenger(jack)},
{vPROFILE.—DrivingLicense
(jack)},{—Person(jack)*}}

A sequence of applications of the expansion rules
to S, isinAppendix A.

It can be verified that S, is a complete
clash-free constraint system. Hence, the semantic
tableau for X and the query —Person(jack) is open,
that is, X', —Person(jack) . Corresponding with &,

in Example 9, this example shows that I, is
non-trivializable in the proof-theoretic view.
4.4  Properties of Quasi-Classical Description

Logics

Quasi-classical description logic QC- ALC
possesses some elegant properties, such as that its QC
consequence relation is paraconsistent, sound,
complete and decidable. Some classically logical
properties are preserved in QCDLs, while others no
langer holds. Now we discuss those properties.

Soundness, completeness and decidability are
three of the most important properties of any formal
logical system. The following theorem shows the
soundness and completeness of the QC consequence
relation.

Theorem 1 Let X be a knowledge base with
acyclic TBox and @efl a query. Xk, ¢ iff
K.

Theorem 2 Let X be a finite knowledge base
with acyclic TBox and ¢peLl . Xk, ¢ can be
determined in a finite number of steps. In other words,
the QC consequence relation is decidable.

Proposition 1  Quasi-classical description logics
are paraconsistent.

QCDLs are paraconsistent in the sense that they
does not allow trivial inferences. That is, it is not the
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case that any conclusion in the language is entailed by
a given classical inconsistent knowledge base. It is
shown by Examples 9 and 11. QCDLs provide a
paraconsistent logical fundament for the OWL, so that
knowledge reasoning in the Semantic Web no longer
needs the usually unachivable requirement for
consistency.

Proposition 2 The QC semantic tableau
collapses to a classical semantic tableau if the
following rule are added to the expansion rules,

="-rule S — SuU{{~¢}}
if 1. {¢§'}eS where ¢ isan assertion, and
2. {~¢}eS.

and we can use the classical definition for clash (i.e. a
constraint system contains both {A} and {—A} for a
literal A).

This proposition shows that the QC semantic
tableau can be viewed as a special form of the classical
tableau for DLs. If the given knowledge base is
consistent, then all expansion rules in the QC semantic
tableau and —"-rule can be applied in a classical way
to finish classical reasoning tasks.

Proposition 3 Reflexivity, monotonicity, and
consistency preservation hold in QCDLs. However,
transitivity fails in any tautology cannot be inferred
from the empty knowledge base.

5 Related Work

In this section, we provide a detailed comparison
with related work on paraconsistent reasoning in
description logics.

5.1 Comparing with Four-Valued Description
Logics

Four-Valued Description Logics stems from
Belnap’s four-valued logic and have been studied in
many literature®™. The similarities and differences
between QCDLs and FVDLs resemble those between
QCL and Belnap’s four-valued logic respectively.

We first consider their similarities. Of course,
they are both paraconsistent. In model-theoretical view,
it is an idea shared by several paraconsistent logics to
decouple the link between a formula and its negation at
the level of model to obtain a paraconsistent semantics.
So are QCDLs and FVDLs. For the four-valued

semantics of ALC4 defined in reference [9], we
show its correspondence with our quasi-classical
semantics through the following definition.

Definition 20 Let Z be a quasi-classical model
and Z, a four-valued model. Z, is a corresponding
model for Z iff a“ e proj"(A") if +A@)eZ ,
a'* e proj (A"%) if -A(@)eT and
(a"“,b") e proj*(R") if +R(a,b)eT.

For the general concept inclusion axioms in TBox,
ALC4 allows three kinds of inclusions.

Now, let us consider the differences. In
model-theoretic view, QCDLs have a stronger
semantics because the quasi-classical semantics define
more restriction, in addition to decoupling the link
between a formula and its complement, for strong
satisfaction of disjunction. Those constraints ensure
that if the negation of a disjunct holds in a strong
model, then the resolvent should also hold in the model.
Therefore, the number of strong models of QCDLs is
not greater than that of FVDLs, and the number of
weak models of QCDLs is actually equal to that of
FVDLs because the additional restriction for semantics
of disjunction is not defined in weak satisfaction. Even
those numbers may be infinite. If all inclusion axioms
in a knowledge base are considered material inclusion
axioms, the following proposition holds.

Proposition 4 Let X be an ALC-knowledge
base. For all quasi-classical model Z, if Tk X
holds then there is a corresponding four-valued model
Z, for Z such that Z,k, 2 holds. Moreover, For
all quasi-classical model Z, ZE, 2 holds if there is
a corresponding four-valued model Z, for Z such
that Z, F, 2 holds.

Since QCDLs have reduced strong models, a
knowledge base often has more non-tautological
inferences in QC semantics than those in four-valued
semantics, and it is never less. Consider an ABoXx
A={AUB(a),—A(a)} for an example, B(a) is an
inference of A in QC semantics, but not in
four-valued semantics. Furthermore, the inferences of a
knowledge base in QC semantics almost coincidering
with in classical DLs when the knowledge base is
classically consistent. In fact, only tautologies and
formulae containing tautologies cannot be inferred.
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whatsoever since a knowledge base is often used as a
domain knowledge model.

In proof-theoretic view, it reflects FVDLs” weaker
semantics that they cannot support disjunctive
syllogism, modus ponens and modus tollens, all of
which are supported by QCDLs.

5.2 On Quasi-Classical Semantics of Description

Logics

When the primary version of this work was being
peer-reviewed, we noticed that another paper on
quasi-classical semantics of description logics was
accepted by another conference reference [12]. After
publishing of that work, we carefully read it and found
that there may be some serious glitches in it. We will
discuss them in this subsection.

First, the quasi-classical semantics of ALC
defined in reference [12] leads to a contradiction. In
both QCL and our work on QCDLs, the resolution rule
applied only to clauses in the definition of strong
satisfaction”***®.  This restriction is necessary.
However, the strong interpretation in reference [12]
weakens this restriction to arbitrary concept. We
demonstrate on the following example that the strong
interpretation defined in reference [12] leads to a
contradiction.

Example 12 Let C, D and E be ALC
concepts, and 1=({a},-') a strong interpretation
defined in reference [12] such that C' =<@,& >,
D' =<{a}{a}> and E'=<{a},¥> . By the
definition in reference [20], (CL(DME))' = <{a},
@> but (CUD)M(CUE)) =<@,0> . It
contradicts distributivity of disjunction.

Second, corresponding with the problem in
semantics, the tableau algorithm defined in reference
[12] also does not restrict the applying of the resolution
rule to clauses. This leads a similar contradiction
illustrated above.

In addition, even if the above glithes are repaired,
the method proposed in reference [12] only can deal
with the problem of instance checking. The
paraconsistent reasoning with inconsistent knowledge
base contained concept inclusions are not discussed in
reference [12].

In this paper, we have proposed the
quasi-classical description logics which can achieve
paraconsistent reasoning in DLs. The semantics and
the sound, complete and decidable QC semantic
tableau for QCDLs have been elaborately introduced.
This work provides a novel approach for
paraconsistent reasoning with ontologies represented in
OWL in the Semantic Web. We have provided a
comparison between QCDLs and other key
paraconsistent DLs to explain that QCDLs are more
appropriate than other paraconsistent DLs for
applications in the Semantic Web.

Of course, it remains much work to be done. In
order to make our approach more practicable, it is
obvious to optimize the tableau calculus. Secondly, we
have to refine the decidability theorem to provide a
precise complexity analysis. Moreover, we intend to
extend the QC semantics and QC semantic tableau to
more expressive DLs to cover more parts of OWL-DL.
In addition, we are developing a paraconsistent OWL
reasoner based on classical OWL reasoner Pellete
using our approach.
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