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Abstract  A mathematical model of precise harmonic drives transmission system including the effects of 

friction and transmission flexibility is developed and identified experimentally. In our model, the characteristics of 
the harmonic transmission are expressed as a function, the frictions in both motor and load side are analysed, 
nonlinear friction is described as a function of position and velocity, the average friction is described by a second 
order polynomial, and the periodical part of friction is simulated by Fourier series. The consistency of  simulation 
results and experimental outcomes confirm the effectiveness of the proposed model. 
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【摘要】提出了精密控制系统中谐波齿轮传动的新的数学模型，该模型综合研究了摩擦和传动挠性的影响。模型用函数

描绘了谐波传动的特性，分析了谐波传动中电机一侧和载荷一侧的摩擦力，将复杂的非线性摩擦力表述为位置和速度的函数，

摩擦力中的平均摩擦用二次函数表示，周期性变化的部分用傅里叶级数描述，试验数据和仿真结果的一致性证明了该模型的

有效性。 
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Harmonic drive has captured more and more 
researcher’s attention in the last decades. Because it 
has many advantages including near-zero backlash, 
high gear reduction ratio and compact design. It is 
more and more widely used in precision control 
systems. For example, in the optoelectronic automation 
industry, the process of attaching optical fibres to 
optoelectronic devices requires submicron alignment 
accuracy in positioning. On the other hand, the 
nonlinear attributes are responsible for performance 
degradation. Therefore, an accurate modelling of the 
system is critical for the use of harmonic drives, and 
this model should include the main nonlinear attributes 

of the system. 

1  Introduction of Friction modelling 
Friction force is proportional to load, opposes the 

motion, and is independent of the contact area. Now 
the static+Coulomb+viscous friction model is most 
commonly used in engineering.  

So far, about thirty friction models have been 
presented. For small motions, a junction in static 
friction behaving as a spring was concluded by Dahl, 
then the implications for control was studied. A 
dynamic friction model was proposed by Ref. [1]. in 
1995[1]. The model, called the LuGre model, captures 
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most of the friction behaviour that has been observed 
experimentally. This includes the Stribeck effect, 
hysteresis, spring-like characteristics for stiction, and 
varying breakaway force. The LuGre friction model is 
validated by the experimental results in an adaptive 
control scheme with friction compensation[2], and it is 
used to identify the friction in harmonic drives by Ref. 
[3] The shortcomings of the LuGre model lie in its 
inability to account for nonlocal memory and it cannot 
accommodate arbitrary displacement force transition 
curves[4].  

In recent years, many other friction models have 
been proposed. Two dynamic models were applied for 
simulation of one-dimensional and two-dimensional 
stick-slip motion by Ref.[5] In the microsliding regime, 
a modified Coulomb friction model integrating 
presliding displacement was presented by Ref. [6].  
Ref. [7] noticed that the friction was described only as 
a function of velocity in most of friction models. For 
harmonic drives, they proposed a new spectral-based 
modelling technique that described nonlinear friction 
as a function of position and velocity. 

An overall friction model for harmonic drives was 
developed by Ref. [8] and a nonlinear model of 
harmonic drives was studied by Ref. [9] The latter 
model captures most nonlinear behaviours, such as 
kinematic error, friction, and flexibility. However, 
these two models do not consider the position 
dependent friction. The other overall model modelling 
all main nonlinear attributes in the harmonic drive such 
as kinematic error, hysteresis, and friction was 
proposed by Ref. [10-12]. First he observed the 
position dependent friction in hannonic drives, then 
used the Fourier series to model the position dependent 
friction. He also came up with a new hysteresis model 
for harmonic drives. In his friction model, he only 
considered one revolution friction on motor side, and 
did not observe that the friction in harmonic drives is 
also dependent on load side position. 

2  Harmonic drives 
Harmonic drives are special flexible gear 

transmission systems that have a nonconventional 
construction with teeth meshing at two diametrically 

opposite ends. Because of their unique construction 
and operation, they have many useful properties. 
However, these drives possess nonlinear transmission 
attributes that are responsible for transmission 
performance degradation. The main nonlinear 
attributes are as follows.  

Kinematic error is a difference between the ideal 
and the actual output position. In harmonic drives, a 
small amplitude of periodic kinematic error exists 
between the ideal and the actual output position, it 
makes the gear ratio dependent on the input position. 
The error also has a dynamic component.  

Flexibility is in a harmonic drive results from 
various compliant elements including the flexspline 
cup, elliptical ball bearing and gear teeth. Nonlinear 
interactions of the elliptical ball bearing, the flexspline, 
and the circular spline produce a presliding signature. 
Presliding is the flexible displacement in harmonic 
drives. In mechanical systems, presliding makes a 
system’s output has hysteresis attributes.  

Friction is a critical problem for precision 
positioning. Friction in the harmonic drive, as in any 
other system, produces nonlinear dynamic effects, 
especially at slow velocities and when there is a 
reversal in the direction motion. The additional 
peculiarity of harmonic drive friction is its periodic 
dependence on the motor or wave generator position, 
and also on the load or circular spline position. The 
friction in a harmonic drive is very complicated and 
has significant influence on positioning. 

3  Modelling explores 
In order to study the model of harmonic drive, a 

set of experimental apparatus is built. A robotic 
manipulator with three degrees of freedom that has two 
arms driven by harmonic drive motors and one linear 
stage actuated by a timing belt driven lead screw is 
previously developed, and the manipulator are 
controled by a computer with an amplifier and an 
interface card. The interface card includes A/D, D/A 
and an encoder accessing device. Two capacitance 
sensors are mounted parallel to the arms of the 
manipulator and are used to measure the position of the 
arms. The overall control scheme is illustrated in Fig. 1. 
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Fig. 1  Overall control scheme 

3.1  Initial modelling approximations 
The arms of the manipulator are driven by 

harmonic drive motors. Because the hysteresis effect in 
harmonic drives is relatively small, especially in 
precision impulse control, it can be negligible. A 
harmonic drive can be modelled as two masses 
connected with a spring, as shown in Fig. 2 . The 
control input acts on the motor and wave-generator 
inertia Jm, which is connected via a gear reduction r to 
the flexspline and arm inertia Jl.  The flexibility of 
the harmonic drive motor plays a significant role in 
system dynamics and is modelled by a torsional spring 
that produces a torque Ts. 

 
Fig. 2  Harmonic drive model 

Fm and Fl stand for frictions in motor side and 
load side respectively in Fig. 2. Newton's second law is 
used for both motor and load side: 

m m m m sJ q T F T= + −            (1) 

l l s lJ q T F= +               (2) 

qm and ql are the positions of motor and load; Tm 
is the motor input torque; Ts is given by: 

( )s s m lT K rq q= −             (3) 

Ks is a spring constant of the harmonic drive. 
For the armature controlled motor, motor torque 

can be written as: 
m m aT K i=                (4) 

Km is the motor torque constant, ia is the 
armature current. It is apparent that the input voltage 
is: 

d
( )

d
a

a b m
iu t i R L K
t

ω= + +          (5) 

where R is armature resistance, L is armature 
inductance, Kb is voltage constant, and mω is motor 
velocity.  

From the manual, L=2.7 mH; it is very small and 
can be neglected. Then: 

( )b m
a

K q u ti
R

− +
=


              (6) 

The substitution of Eg. (6) into Eg. (4) yields: 

( )m b m
m m

K K KT q u t
R R

= − +         (7) 

The substitution of Eg. (7) and Eg. (3) into Eg. (1) 
and Eg. (2) yields: 

( ) ( )m b m
m m m s m l m

K K KJ q F rK rq q q u t
R R

= − − − +     (8) 

( )l l l s m lJ q F K rq q= + −          (9) 

3.2  Friction modelling 
The measurement verifies that the friction in the 

harmonic drive is quite position dependent, the friction 
varies periodically and the period is 2π, so the friction 
can be modelled as follows: the average of the friction 
can be modelled as a parabolic curve, periodical 
changes of friction can be modelled as a Fourier series, 
and the viscous effect can be modelled as a viscous 
coefficient multiplied by motor velocity. 

The average Coulomb friction is simulated by a 
second order polynomial: 

2
aver 1 2 3m mf s q s q s= + +            (10) 

By the “fminunc” function in Matlab, it is 
possible to minimize the Euclidian norm of error 
between the simulation and experimental data. The 
coefficients are obtained: 

s1=1.573 8e-006 
s2= −3.790 1e-004 

s3 =0.072 0 
The simulation and experimental data are plotted 

in Fig. 3. 

 
     Fig. 3  Average Coulomb friction 
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   Fig. 4  Periodical friction 

 
  Fig. 5  Coulomb friction 

 
    Fig. 6  Viscous friction 

For the periodical term of friction, the first 2π is 
chosen as our simulation period. In the period of 0～
2π, the average of the friction is removed from the 
experimental data. The friction can be expressed by a 
10th order of Fourier series: 

10
0

peri
1

[ cos( ) sin( )]
2 k m k m

k

af a kq b kq
=

= + +∑    (11) 

The Fourier coefficients ( , )k ka b  are obtained by 
numerical integration: 

 2π

peri
 0

1 ( )cos( )d
πk m m ma f q kq q= ∫        (12) 

 2π

peri
 0

1 ( )sin( )d
πk m m mb f q kq q= ∫        (13) 

The experiment and simulation for periodical 
friction in the first 2π are shown in Fig. 4. 

The Coulomb friction is the sum of the periodical 
term and average term: 

2 0
coul aver peri 1 2 3 2m m

af f f s q s q s= + = + + + +  

10

1

[ cos( ) sin( )]k m k m
k

a kq b kq
=

+∑        (14) 

The final simulation result of Coulomb friction is 
shown in Fig. 5. The experimental data is also plotted 
for comparison. 

By measuring the friction in the work-range at 
different velocities and calculating the average value of 
friction, a viscous tendency can be found and it is 
illustrated in Fig. 6. The minimization of the Euclidian 
norm of error between the simulation and experimental 
data points is also shown in Fig. 6. 

visc m mf b q B= +                (15) 

The viscous coefficient mb is 0.000 4 Nm/rad/s,B = 
0.064 2. 

Static friction can only be measured while the 
motor is moving. Therefore, only a manual 
measurement method can be used. Because noise 
exists in the system, and the kinematic error changes 
irregularly for different positions, static friction cannot 
be averaged between sampling times. In this paper, 
only the static friction in the first π radian range is 
measured. The result illustrates that there is a 
consistency between static and Coulomb friction. The 
average static friction is larger than that of Coulomb by 
about 3.88%. We can simply assume that the static 
friction is 1.038 8 times of the Coulomb friction at any 
position. Therefore, static friction ( )sm mf q can be 
expressed as: 

2 0
1 2 3( ) (

2sm m m m
af q s q s q s= + + + +  

10

1

[ cos( ) sin( )]) 1.038 8k m k m
k

a kq b kq
=

+ ×∑  (16) 

3.3  Overall friction model 
We can assume that the viscous coefficient is the 

same for different positions. This assumption is 
reasonable because the conditions affecting the viscous 
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coefficient, such as lubrication, are the same for the 
different positions. We also assume that the periodical 
friction is not velocity dependent, and the average 
friction varies with the velocity. 

So the overall friction ( , )m m mf q q  can be 
expressed by: 

m mF ψ= −  if 0mq = , m smfψ ≤  
sgn( )m m smF fψ= −  if 0mq = , m smfψ >  

2
1 2 3( ) (( ) 0.0004 1)m m m mF s q s q s q Vc= + + × − × + +  

10
0

1

[ cos( ) sin( )])
2 k m k m

k

a a kq b kq
=

+ +∑  if 0mq >  (17) 

where: 

( ) ( )m
m s m l

KrK rq q u t
R

ψ = − − +  

mψ is input torque when 0,m smq f=  is calculated 
in Eq. (16), and Vc=0.8 rad/s stands for the motor side 
velocity of Coulomb friction. 
3.4  Average friction model 

The measured friction is quite position dependent. 
In our precision impulse control, the control range is 
small, and static friction and Coulomb friction can be 
averaged and considered constants. The friction used in 
Eqs. (8) and (9) can be modelled as static + viscous + 
coulomb. Thís model is accurate enough for most 
engineering applications. The motor side and load side 
frictíon can be written as: 

m mF ψ= −  if 0mq = , m smfψ ≤  

sgn( )m m smF fψ= −  if 0mq = ,  m smfψ >  

sgn( )m m cm m mF q f b q= − −   if 0mq >  

( ) ( )m
m s m l

KrK rq q u t
R

ψ = − − +       (18) 

and 

l lF ψ= −  if 0lq = , l slfψ ≤  

sgn( )l l slF fψ= −  if 0lq = , l slfψ >  

sgn( )l l cl l lF q f b q= − −   if 0lq >  

( )l s m lK rq qψ = −             (19) 

lψ  is the spring torque when 0,l smq f=  and 

cmf are motor side static friction and Coulomb friction. 

slf  and clf  are load side static friction and Coulomb 
friction.  
3.5  State equations 

We define the state variables as: 

1

2

3

4

m

m

l

l

qx
qx

x q
x q

  
  
   =
  
  

      





             (20) 

Then, the Eqs. (8) and (9) can be written in state 
variable format： 

2

1
1 3 2

2

3 4

4
1 3

( ) ( )

( )

m s m b m

m m m m

l s

l l

x
x F rK K K Krx x x u t

J J J R J Rx
x x

F Kx rx x
J J

 
    − − − +     =           + − 
  









 

(21) 

4  Conclusion 
In this paper, a mathematical model of harmonic 

drives in precision control system has been developed. 
The main nonlinear attributes of harmonic drives are 
analysed. A function of position and velocity is used to 
describe nonlinear friction. Experiments and 
simulation results validate and the model, the control 
response of harmonic transmission can predicted 
accurately by the model. It will be facilitate the 
development and applications of control method for 
harmonic drives.  
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