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Algebraic Dynamics Study a Single Molecule Driven by a Time
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Abstract The dynamical properties of a single molecule driven by a time dependent laser radiation field are
researched. Based on the su(1,1)@® /4(3) (k(3)is Heisenberg algebra) dynamical symmetry structure of the system,
the exact solutions of the system is obtained by using the algebraic dynamics method. The shift between the
frequency Q of the laser radiation field and the molecule vibration frequency @ under resonance phenomenon
is studied.
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Algebraic dynamics is a theory which studies the
quantum system by the algebraic method' . It always
use the group relationship of the system operators or
group structure of the system to discuss the properties
of the system. In the past years, it has been extensively
used in nuclear physics for many autonomous systems.
However, many systems are non-autonomous which
depend on time in many experiments. So, It’s
necessary to extend the theory of algebraic dynamics
to resolve the non-autonomous problems because it can
help us control the Several

systems. typical

non-autonomous quantum systems have been

researched by the method of dynamical algebras, e.g.
the su(1,1) dynamic structure for the particle moving in
time dependent Paul trap'™, the polarization of spin

particle in accelerator forms a su(2) dynamic system!”,
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the spin particle in a rotating magnetic field, and the
Berry phase of a laser in helical optical fiber forming a
su(2) dynamic system!®"'®. As an important
controlling and measurement method for particles and
substance, the laser radiation field is always chosen by
people! ™™ When the laser radiation field interacts
with particles or substance, an important physical
phenomenon, resonance excitation effect will occur.
By this physical phenomenon, human can understand
many important properties of the particles and
substance, such as molecular structure and vibration
frequency of the substance. Since the laser radiation
fields always depend on time, these quantum system
become the non-autonomous quantum system and are
accompanied with the resonance excitation effects. So,

it is interesting to research the diabatic energy and
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In this work, we research the properties of the
single molecule which is driven by a time dependent
laser radiation field. Firstly, we
su(lL)®AB) (h3) is
algebraic structure of this system. Secondly, the exact

analyze the
Heisenberg algebra) Lie
solution of the system has been obtained by the use of
algebraic dynamics method. Finally, based on the exact
solutions, we study the changing properties of the
diabatic energy levels and the geometric phase.
Simultaneously, we show that there exists a shift
between the laser frequency and the vibration
frequency of the molecule when the resonance

excitation occurs.

1 The Model Hamiltonian and
Algebraic Structure

A single molecule is driven by a time dependent
laser radiation field, and the system Hamiltonian is
described by the following model which represents a

charged harmonic oscillator in a laser radiation field:

; 1 (5 q- Pl 242
=—1/|P-——A4 +Ema)x (1)
Considering the potentials A4 :(—%sin([) t),

Box,O) and ¢ = —%ao cos(£2)x , (1) can be written as:

pl+D DS qe,sin(<r)
+ D, +
2m 2mQ2

(Boj)y —%qeo cos(.Qt)jfc +

H(r)=

1 p) 2 a2 (qgo)z .2
—m@” + B, |X*" +——=>sin" ({2t 2
(2 ’ j s S (420 @
where ¢ is the molecule charge; ¢ is velocity of

light, the oscillator potential of the molecule is %ma)zfcz ;

B,is a constant which describes the magnetic field
amplitude of the laser electromagnetic field and directs
the z axis; &, and (2 are electric field amplitude
and frequency of the laser electromagnetic field
respectively.

It is easy to prove [ﬁy,l:l]z[[)z,l:l]zo. Define

R T I
the new operators k+:§ pxz;koz—i[pxerxpx];
~ 1 A2, AT A

k =Ex ski=pk,=x .

For certain eigenvalues

p, (p.) of operators p ( p.), the Hamiltonian H(7)

can be rewritten as:

Ao plHDS] . . . .
H)=—"—"+Xk +X k + Xk + Xk, + X (3)
m
Where the parameters are:
in( ¢
X, =l;X7 =mw’ +2B; X, _ 94,5n(£20)
m 2mQ2

) C))
X,=B,p —lqgo cos(.Qt);XzMsiHQ(Qt)
2 8me’*
Through (3) we find that the system has the
dynamical algebraic structure su(l,1)® A(3) 'L 1t can
be checked that: 1) l€+,l€0 and k. span su(l,1) Lie

algebra. 2) I%,IQZ and 1 span#k(3) (4(3)is Heisenberg
algebra) Lie algebra. 3) It satisfy the following
communication relations (2=1):

Uk, ke 1=2k, [kyk]=+*k, [h.hl==i (5
Simultaneously, the generators of su(l,1) and
h(3) also
relations:

< oa | . _
[k+>k1]:0 [koak1]:5 1 [k_, 1]:lk2

satisfy the following communication

(6)
A DU 1r o~ =
[k, .k,]=—ik, [korkz]:_akz [k ,k,]=0

From (4) we know that the system has the
dynamical algebraic structure hw(4) **! for the
parameters X, =X,=X({t)=0(B8,=0).

2 The Exact Solutions of the System

Using the Algebraic Dynamic Method

The time-evolution of the system satisfy the
time-dependent Schrédinger equation:

.0 A
il () =A@l o) @)
Adopting the solving steps of algebraic
dynamics!''®  firstly, introduce the  gauge
transformation:

U, (t) = exp(iv(2)) exp(iv, ()k, ) exp(=iv, (1)k,) x

exp(iv_(1)k_) exp(iv, (1)k, )
where v(t), v,(t) , v(¢) , v_(¢t) and v, (¢) are all

time-dependent parameters.

®)
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The Schrodinger equation under the gauge
transformation (7) (7 =1) becomes:

|7, )/t = H)|7, 1)) ©

Here the gauged Hamiltonian is given by:
{ﬁ (t)=U, "0OH (OU () —=iU. (1)U, (1) [or)

Substituting (3) and (7) into (9), after some complex

(10)

calculations, one has:
H)=Zk +iZj+Zk +Zk+Z,5+Z (11)
Here the coefficients of (11) are:
Z, =expl-v (D)X, Z,=—%,()+2X v ()
Z,==v(t)+2X v (1) (12)
Z_ =explv,O][V_(1) + X_+ X V()]

Z = expl:_voT(Z)}[_‘.ﬁ(t) + X, + X v, (1)]

Z,=exp ["’T(’)}{[v‘z () +X, + X v ()] +

[V + X, + X v,(O]v (1)}
=v@)+v,(Ov, )+ X + X, v, () + Xv,(H) +

1 1
EXJ’f(f)JrEXJzZ(l)

Because we can choose the appropriate
transformation which is one of the advantages of

B151 to simplify the calculation,

algebraic dynamics
which is also easy to find the Cartan operators, the best
choice of the gauge transformation satisfies the
following conditions:
Z_ _exp[2v,(1)]
z. X,

+ +

[V (1) +X_+ XV (t)]=const=k

(13a)

Z, ==, (1) +2X,v (1)=0 (13b)

7 = exp[—vOT(t)} [=5,() + X, + X, v,()]=0 (13¢)

_ Vo [y
Zz—exp{T}{[vz(tﬁ—XzﬁLXvl(t)]+ (13d)

[V () + X, + X, v, (O)]v. »}=0
=v()+ v, (O, () + X + X, v, () + X v, () +
13e
%X_vf 0+ %ij (=0 (139)
After some calculation, the solutions of the parameters
of (13) can be obtained as follows:

v.()=0, v, (=0, k—X =[(mw)’ +2mB;

B py
*+2B;

_ qé, = mao +ZB§
[2(B,)* +m(@” — 2] \ m

v, (£) = mA[K'sin(k't) — Qsin(<2)] —%sin(.@t)

v,(¢) = A[cos(£2t) — cos(kt)]—

W0y == IOV + X + X () + X () +

lX,vf )+ %ij ()]dt’ (14)

Here, consider the initial conditions v(0)=0 ,
v,(0)=0,v,(0)=const,v (0)=0and v,(0)=0.

Putting (13) to (10), we obtain the covariant

Hamiltonian:

Hp="r e +f(t)1(0) (15)

Where:
1

(0)=l€++kl€7=—ﬁ2+llo?2’ f== (6)
2 2 m

The Cartan operator IL(O) does not depends on

~

time explicitly and has the standard form of harmonic
oscillator. So, the time-dependent dynamical symmetry
can be covered into the stationary dynamical symmetry

by choosing a proper gauge transformation.
The eigen problems of the Cartan invariant

operator I H=U, (t)IL(O)U;(t) can be obtained. Let

|n> be the eigenstate of 7 (0) (here n is the quantum

number of the standard form of harmonic oscillator),
namely:

f(0)|n>=(n+%ja)o|n> n=0,1,2, -, @’ =k (17)

so the eigenvalues and eigenstates are:

1(OU,(1)|n) =(n+%)a)0Ug (t)|n) = (n +%)

)

(18)

Where >=U g(t)|n> is the eigenstate of

1(¢) with eigenvalue (n + %) @, .

So the covariant Schrédinger equation (9) has the
following solutions:

7y (1)) =

0,,.(0)= j[

exp[-i®, , (1]

Oppn)  (19)

where:

+(n +—)600f (T)}
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i(pyy+p.2)

‘/’pup_,n> == (20)

In order to obtain the solutions of (7), firstly, we

need to rewrite

(/7n(t)> under the coordinate x
representation as follows:

i(pyy+p.2)
‘l//pyp_,n (t)> =

—27[ N (a)x 1)
exp[—i®, (1)] exp[—(ax)’ /2]H L(ax)

here N, (a) =[a/\/g2”n!]% , o =w, =Jk , and
H (ax) is the Hermite polynomial.
Secondly, using the following relations:
exp[—iv, (1)k, JF (x) = exp[—iv, (1) p1F (x) = F(x—, (1)
(22)
The orthonormal nonadiabatic basis can be

directly obtained and given as follows:

V0 0)=U, 0], ,, 1)) =
i(p,y+p.z)
Texp[—i@p}, o (D1|8,(0) =
i(pyy+p.z)
2—T[Nn (a)exp[—i[O,(¢) — v(t)]]exp[iv, (1)x]x

exp{—%{a(x—vl (r)]z}Hn (a(x—v,(1))
23)

The equation describes a motion of quasi-

harmonic oscillator in coordinate space and the origin

of this coordinate space constantly moves and stretches.

At the same time, there are a collective velocity
potential v,(f)x and a time-dependent phase factor
for this system.

The general solutions of the time-dependent
Schrodinger equation (7) can be expanded by the

nonadiabatic basis:

W O)=2.C, v, 0) =
el’(p,.ﬁpﬁ) (24)
2 Cppn— X010, ,, (O]|#,0))
where C, , is an expansion coefficient that is

not dependent on time. All the dynamical information
is included in the nonadiabatic basis.

3 The Diabatic Energy Levels of the
System

Using (10), (14), (15), the diabatic energy levels

of the system can be obtain by:
E,,.0=v,,.0|A0

(7,0
(7,,.,0U;

p+p.} .
2m

V(D))=

H\7,,,0)+
oU, (1)
ot

7y (D) =

(n+%]wof(t)—{VI(I)V'Z(f)JrV(t)} (25)

From(24), it is easily found: 1) the change of the
diabatic energy
v @V, () +v(t)} . 2) the changing approach of the
diabatic energy levels are quasi-periodic due to the

levels comes from the factor

periodic changing parameters parameters v,(¢),v,(?)
and v(¢).

To better understand the properties of the diabatic
energy levels, the changing behaviors are shown in Fig.
n=0, ®=2100cm™" ,
p,=1,p,=0, m=1x10"", g=1 and & =1). The

1 (Here, the parameters

diabatic energy level shows an abrupt increase when
the laser frequency (2 arrives about 2 100 cm’,
corresponding to “the resonance absorption effect of
molecular”, and the different peaks display the
different

Simultaneously, with the increasing of the magnetic

magnetic ~ field amplitudes B,

field amplitude B,,, the laser frequency (2 diverges
from the molecule vibration frequency @, which is
characterized by the peak-shifting of the resonance
absorption. The above results may be helpful for the
explanation of laser-induced effect of biological
genetic variation™, e.g. the bond of biological genetic
may be broken and recombined which is aroused by

the resonance absorption effect.
10 000 : . : : : :

1
i t B
80000 g=0a i APOF

£ 6 000F

(5}

5 4000t
2000t

x10°

Fig. 1 The change of diabatic energy levels
It is surprising why the resonance phenomenon
occurs. The results stem from the parametersv,(¢),
v,(t) and v(¢) (see (26)). From (15) we find that the
changing period of the parameters v,(¢),v,(¢f) and
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v(t) not only depends on the (2, but also on
k" which depends on the @ and B,. So the above
reasons lead to resonance phenomenon and a
divergence between (2 andw@. Moreover, from the
parameters k' and A in (15), we know that: 1) the
shift of the resonance frequency increases with the
decrease of the @ and the increase of the B, ; 2) The

peak value displays different for different B, .
4 Geometric Phase of the System

The system states will acquire a total phase which
composes of the dynamical phase and the geometric
phase when the parameters of the system go through a
time-dependent evolution. The dynamical phase
depends both on the path and on the rate of the path,
while the geometric phase depends on the influence of
the external environment or the interaction with the
background.

The dynamical phase y, (23:24)§s:

7= L @@, @) o
The geometric phase S is:
ﬂ:}/()_,_]/d:]/ug-i-]/[ 27

where the total phase y,, is:

o, =m(nly, O, ,.0))=

-6,,,0+m(n(7, 0V, 07,,.0))-
0, ,.O+7y, (28)
where @p), »..(t) 1s the total phase of |7, (t)> ,

e, =1m(1n<y7prpzn(z)‘ug(z) Wp),pzn(t)» is the phase

induced by the gauged
7 == (@O, () +v(2)) .
In order to further study the changing properties

transformation, and

of the geometric phase, we calculate the geometric
phase for n=0,1 respectively.
For n=0, the geometric phase is:

B=v+

OO+ ) (29)

a +

For n=1, the geometric phase is:
B=v+—2 (e () + ()0 (30)
a +1

Where 6 is the phase angle of the complex

number (v; + a’v} —a’ =) +i(vv,(1-a’)).

Contrasting (30) and (31), it is easy to know that
the difference of the Berry phase is aroused by the €
for n=0 and n=1. Because the phase angle @
depends on the parameters v,(¢),v,(¢) ande , it shows
the quasi-periodic changing behavior and depend on

the value of @ and B, .
3000
2000
1000

berry phase

3000

2000

1000

0

berry phase

-1000 |

-2 000

-3 000
1.

Fig. 3 The change of the geometric phase

The changing of the geometric phase [ are
shown in the Fig. 2 and Fig. 3 for n=0 and n=1
respectively (The related parameters are same as Fig.1).
We found that: 1) The geometric phase £ also
presents resonance phenomenon when the laser
frequency 2 gets about 2 100 cm™. 2) Similar to the
diabatic energy level, there also exists a shift of the
peak of the resonance for the difference between the
laser frequency (2 and the molecule vibration
frequency @ . 3) With the increase of the magnetic field
amplitude B, the shift of the peak of the resonance
increases. 4) The influence of the phase angle 6 is
small for n=0 and n=1. The results stem from the
changing period of the parameters v,(¢), v,(¥) and
and Q2
Simultaneously, the parameters k' and A depend
on the @ and B,. It arouses that the shift of the

resonance frequency increases with the decrease of the

v(t) are dependent on the K’

@ and the increase of the B,.
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5 Conclusion

Based on su(l,1)@® i(3) dynamical symmetry of
the molecule which is driven by a time dependent laser
radiation field, we obtain the exact solutions of the
system by use of algebraic dynamics and further
discuss the changing properties of the diabatic energy
levels and geometric phase. It is found that there exists
the resonance phenomenon for the diabatic energy
levels and geometric phase when the resonance
frequency (2 is close to the molecular vibration
frequency @, and a divergence which depends on the
magnetic field amplitude B, exists between (2 and
® . The present work may be helpful for the
explanation of laser-induced effect of biological
genetic variation, and it shows that the method of
study

non-autonomous quantum system which has some

dynamical algebras is wuseful for the
algebraic structures.
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